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PREVISÃO DE SÉRIES TEMPORAIS DE RESPOSTAS DE RISERS POR
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Tubos flexíveis são produtos-chave utilizados atualmente em campos offshore
pela indústria de petróleo e gás. Embora especialmente úteis como jumpers, os
tubos flexíveis também têm sido aplicados como risers nas últimas décadas, o que
apresenta uma série de desafios devido aos altos níveis de esforços a que estão sub-
metidos e ao comportamento não-linear estrutural apresentado por eles. Durante o
projeto de uma tubulação flexível, a análise dinâmica global é uma das etapas mais
demoradas, o que motiva a indústria a buscar alternativas para reduzir o esforço
computacional necessário nesta etapa. Este trabalho propõe uma metodologia para
realizar previsões das séries temporais de tração e curvaturas no escopo da análise
de risers flexíveis, aplicando um modelo de Regressão Simbólica. A partir de um
único estado do mar, são executadas simulações curtas pelo Método dos Elementos
Finitos (MEF), obtendo séries temporais de tração e curvaturas, que são usadas
para treinar um modelo de Regressão Simbólica. Este modelo gera uma expressão
analítica usada para prever a série temporal completa para o restante do tempo
de simulação. Além disso, dado um contorno ambiental, é possível selecionar um
subconjunto dos estados do mar, o que significa que, com simulações curtas para os
estados do mar do subconjunto, as previsões podem ser realizadas para todos estes
dentro do contorno. Dois estudos de caso são realizados, considerando a análise de
fadiga dos arames de armadura de tração, sob duas configurações típicas: catenária
livre e lazy wave. As séries temporais preditas são usadas para calcular tensões e
os danos por fadiga, que são comparados aos resultados de referência de simulações
completas pelo MEF.
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Flexible pipes are key products used nowadays in offshore fields by the oil and
gas industry. Although especially useful as jumpers, flexible pipes have also been
applied as risers over the last decades, posing challenges due to the complex nonlinear
loading-response behavior they are subjected to. During their design workflow, the
global dynamic analysis is one of the most time-consuming steps, motivating the
industry to search for alternatives to reduce the computational effort required. This
work proposes a methodology to perform axial tension and curvature time-series
predictions in the scope of flexible riser analysis, applying a Symbolic Regression
model. From a single sea state, short Finite Element Method (FEM) simulations
are run, and axial tension and curvature time-series are obtained, which are used
to train a Symbolic Regression model. Such model outputs an analytical expression
used to predict the full time-series for the remaining simulation length. Moreover,
given an environmental contour, a selection of a subset of the sea states can be
performed, meaning that with short simulations for the sea states in the subset,
predictions can be performed for all sea states inside the contour. Two case-studies
are performed, considering fatigue analysis of tensile armor wires for pipes under
free-hanging and lazy wave configurations. The predicted time-series are used to
compute stresses and fatigue damage in the wires, that are compared to reference
results from full FEM simulations.
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Chapter 1

Introduction

Unbonded flexible pipes are one of the key products used nowadays by the oil and
gas industry in offshore fields. Although especially useful as jumpers due to its
versatility and flexibility in submarine layouts, flexible pipes have also been used as
risers over the last decades, which poses a series of different challenges due to their
complex nonlinear loading-response behavior. During the design workflow of such
structures, the global dynamic analysis is certainly one of the most time-consuming
steps, which motivates the industry to develop techniques and search for alternatives
to reduce the computational effort required.

This work proposes a hybrid methodology to perform axial tension and curvature
time-series predictions in the scope of flexible risers irregular wave analysis, apply-
ing a Symbolic Regression model combined with Finite Elements Method (FEM)
simulations. Given a single sea state, a short FEM simulation is run, and axial
tension and curvature time-series are obtained. The time-series of floater motions
at the riser top, that are known a priori, along with the axial tension and curvature
time-series from the short FEM simulation, are used to train a Symbolic Regression
model that outputs analytical expressions that can be used to predict the time-series
for the remaining FEM simulation length. One significant advantage of Symbolic
Regression models lies in their ability to use analytical equations for predicting the
variables of interest. Such equations can give valuable insights on the physics behind
the problem and can be easily used in different frameworks (Excel, scripting, etc.),
two characteristics that black-box models such as complex neural networks other
complex regression models cannot provide.

Finally, considering a given environmental contour with several sea states defined,
this work proposes an even greater reduction in computational time. A selection of a
subset of the sea states inside the environmental contour can be performed, meaning
that results from short simulations for the subset of sea states can be used to train
the model and predict the full simulation time-series not only for the sea states in
the subset, but also for neighboring sea states inside the contour.
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Two case-studies are performed, considering fatigue analysis of tensile armor
wires under typical riser configurations applied in the industry: free-hanging cate-
nary and lazy wave. The predicted time-series are used to compute the stresses and
the fatigue damage in the wires. Results are compared to reference results from full
FEM simulations.

1.1 Literature Review

Significant contributions to the subject of this work have been developed over the
past few decades. Beginning with polynomial models, PASSANO (1994) proposes
models to deal with the response of top tensioned risers, and SAGRILO et al. (2000)
present a model that specifically tackles the response of heave-excited flexible ris-
ers. In the field of auto-regressive models, one can highlight MATOS (2005), that
presents the study and implementation of NARMAX (Nonlinear AutoRegressive
Moving Average with eXogenous inputs) models for dynamic analysis time-series
prediction of offshore structures. DE PINA et al. (2013) also propose a Nonlinear
AutoRegressive model with eXogenous inputs (NARX), but associated with an Ar-
tificial Neural Network (ANN), consisting therefore of a hybrid model. Such model
is applied in the analysis and design of mooring lines and risers.

Other types of hybrid models have also been proposed in literature, such
as GUARIZE et al. (2007) that develop a hybrid Artificial Neural Network
(ANN)–Finite Element Method (FEM) procedure to perform a nonlinear mapping
of the current and past system excitation (inputs) to produce subsequent system
response (output) for the random dynamic analysis of mooring lines and risers.
CHAVES (2015) has extended that research, applying hybrid FEM-ANN methods
to time domain flexible pipe irregular wave dynamic analysis.

The spotlight that top-notch Artificial Intelligence and Machine Learning tech-
niques have received over the last years has also caused some impact in the field.
Some relevant works have been developed using cutting edge models. To mention
just a couple of examples, SILVA (2021) proposes a time-space model using deep
learning algorithms that enables the assessment of the dynamic responses of a slender
marine structure, while BARBOSA (2023) proposes the use of convolutional neural
networks to model the axial tension at the top of the pipe and the touchdown zone
(TDZ) for various installation configurations.

2



1.2 Organization

• In Chapter 1, this work is described and a literature review of relevant works
within its scope is also provided.

• In Chapter 2, flexible risers are described, providing details of each constituent
layer and typical riser configurations. Additionally, the Global and Local Anal-
yses of flexible risers are summarized.

• In Chapter 3, Symbolic Regression is described, with some brief explanations
of common algorithms used for its implementation.

• In Chapter 4, the methodology proposed by this work to perform flexible riser
responses predictions is presented.

• In Chapter 5, two case studies are presented, as examples of application of the
proposed methodology.

• Finally, in Chapter 6, the main conclusions of the work are stated, along with
suggestions for future developments.

3



Chapter 2

Flexible Risers

The simplest definition of a riser system is a production unit (FPSO, for example)
linked to a well-head submarine equipment (X-mas Tree, for example) by a pipe that
is called a riser. In real-life projects however, riser systems are much more complex
than that, with multiple well-heads in a given field, with its X-mas trees carefully
connected to numerous manifolds that are then connected to the production unit
by several risers. Therefore, it is useful to define different names for the pipes given
the specific application, in order to describe riser systems with more detail:

• Risers: pipes that connect the flowlines and subsea equipments to the pro-
duction unit, and are subjected to dynamic loading from the sea and the
production unit movements.

• Flowlines: pipes that connect the well-head subsea equipments to the ris-
ers, and are layed down on the seabed, therefore being static structures not
subjected to dynamic loading.

• Jumpers: pipes that connect two subsea equipments, that can undergo static
or dynamic loading, depending on where they are installed.

Offshore oil exploitation can be performed using rigid, flexible or hybrid pipes.
This work focuses on the analysis of flexible risers. This chapter presents a descrip-
tion of flexible pipes, along with riser configurations typically used by the industry.
Some background on how to perform global dynamic analysis and local fatigue anal-
ysis is also given, which will be useful for the next chapters.

2.1 Flexible Pipes

Unbonded flexible pipes (API 17J, 2014) are composed of non-adherent layers, mean-
ing that the layers are not fixed to each other. Each layer serves a specific function

4



(or multiple functions) based on its construction and material characteristics. The
combination of all layers results in a final pipe that is flexible in bending but has high
axial, radial, and torsional stiffnesses. It can withstand different loading scenarios,
including high internal and/or external pressures scenarios, the loading generated
by its own weight, dynamic forces resulting from input parameters such as environ-
mental loads and production unit movements.

Another advantage of flexible pipes, especially when compared to rigid ones,
is their ability to be manufactured in long, continuous lengths. Due to their low
bending stiffness, they can be conveniently stored in reels or baskets. These pipes are
versatile and can be used in various applications, including gas and oil production,
water injection, gas pipelines, chemical injection, and gas lift. The design of a
flexible pipe provides a customized solution tailored to the specific needs of each oil
field.

2.1.1 Flexible Pipe Layers

For a more complete comprehension of flexible pipe behaviour, it is useful to analyze
in detail each of the main layers employed in its manufacturing. Figure 2.1, adapted
from API RP 17B (2014), presents the main layers present in flexible pipes.

Figure 2.1: Unbonded flexible pipe cross sections, adapted from API RP 17B (2014)

Interlocked Carcass

The interlocked carcass is the innermost layer of a flexible pipe. It is usually man-
ufactured in stainless steel, to withstand corrosion, since it is in direct contact with
the fluid flowing inside the pipe bore. The main function of this layer is to resist
to the hydro-static collapse caused by the external pressure, and to resist to radial
loads such as the ones the pipe sees during its installation (PADILHA, 2009). This
layer is manufactured from a steel wire, that is bend multiple times in order to
obtain the final geometry desired. An example of the conformed wire is presented
in Figure 2.2.
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Figure 2.2: Interlocked carcass manufacturing process (GOMES, 2017)

Pressure Sheath

The pressure sheath is a plastic layer, extruded on top of the interlocked carcass,
which primary objective is to guarantee the water-tightness of the flexible pipe. It
prevents any leaks of the fluids flowing inside the bore and it also transmits the
internal pressure to the pressure armor, that comes right above it.

Pressure armor

The pressure armor main purpose is to withstand the internal pressure exerted by
the internal fluid, that is transmitted by the pressure sheath. It also helps to endure
mechanical radial compression loads. This layer is wrapped outside of the interlocked
carcass, thereby increasing the pipe resistance to the hydro-static collapse. API RP
17B (2014) states that pressure armor wires are wrapped at an angle close to 90° to
the longitudinal axis of the pipe, therefore increasing the internal pressure capacity.

As stated by MBAYE (2006), this layer is usually manufactured with low or
medium carbon steel alloys, depending on the environmental conditions it will see
during its lifetime (high carbon composition means higher mechanical resistance but
lower corrosion resistance). The pressure armor final shape is a spiral helix, produced
by spiraling of steel wires, with different cross-sections. Figure 2.4 presents some
cross-sections commonly used in the industry. To increase the internal pressure
capacity even further, additional wires with rectangular cross section may be used.
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Figure 2.3: Pressure armor manufacturing process (GOMES, 2017)

Figure 2.4: Typical Pressure Armor and Carcass Interlock Profiles (API RP 17B,
2014)
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Tensile armor

The main function of tensile armor is to withstand the axial loads along the pipe
line, generated by the pipe’s own weight (whether it contains fluid or not) and
the movements caused by environmental loads, without compromising the bending
capabilities of the pipe.

Tensile armors are manufactured in pairs (typically 1 or 2 pairs) of metallic
wires, that are wrapped around the inner layer in helical manner, in equal (or
almost equal) and opposite angles (so to achieve torsional balance) ranging from 15
to 55 degrees measured relative to the longitudinal axis (PADILHA, 2009). Smaller
angles increase tensile strength, while larger angles increase compressive strength,
balancing the axial and radial stiffness of the structure.

The wires that constitute this layer can be flat, rectangular, or circular in profile,
and they are typically made of low, medium, or high carbon steel, depending on the
service conditions to which they are exposed to (LODOÑO, 2013).

Figure 2.5: Tensile armor manufacturing process (GOMES, 2017)

High Strength Tapes

High strength tapes are reinforcement tapes that are wrapped over the tensile armor
in helical shape, made from polymeric fabric (such as polyester or polypropylene)
with high tensile strength, such as Aramid fiber (Kevlar) or fiberglass. Their main
function is to provide greater structural stability by resisting the negative end-cap
effect. Also known as the “birdcage effect”, this phenomenon involves the disarrange-
ment of the armor wires due to combined buckling caused by axial compression.

Anti-Wear Tapes

According to PADILHA (2009), this layer is a non-sealing layer formed by anti-
wear tapes made of polyethylene or polyamide. It is employed only in dynamic
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applications of the flexible pipe, to prevent friction and wear between the metal
layers caused by possible relative movements. Typically, there are no anti-wear
tapes between the two pressure armors because they are nearly horizontal spirals
and move together. In addition to tapes, this layer can also be manufactured as
an extruded layer in the form of a tube, which is exactly the example presented in
Figure 2.1.

External Sheath

Also known as the plastic sheath, it is extruded over the previous layer, ensuring line
tightness (sealing) and protecting the internal layers from corrosion, aging, abrasion,
and damages that may occur due to external environmental factors. Additionally,
it shields the pipe against impact with components/tools during the installation
process (LODOÑO, 2013). It is typically made from high-density polyethylene and
polyamide materials.

Insulation layers

Optional insulating layers are necessary when the project requirements specify any
restrictions on the structure’s performance regarding heat loss or heat retention.
These layers are designed with insulating material to achieve a specific thermal
exchange coefficient. They are usually made of polymeric tapes with the addition
of glass micro-spheres, wrapped in helical manner between the external sheath and
an additional outer plastic layer.

2.1.2 Riser Configurations

During early project phases, the design engineer must choose the better suited riser
configuration, given the project technical specifications, the previous knowledge/pro-
ject backlogs and installation resources available. The final design to be pursued is
one that optimizes the cost versus the technical requirements.

Some examples of technical specifications are: adequate static/dynamic be-
haviour, suitability to the given oil field and general submarine arrangement (floating
production unit, well distance, anchoring, interference with other pipes, etc.) and
installation/recovery conditions for the line (water depth, cost, installation cost and
lead time, etc.).

Free-hanging Catenary

The free-hanging catenary (see Figure 2.6 (a)) is the simplest configuration, usually
with lowest cost and simplest installation procedure. Intermediate supports are
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not necessary, speeding up installation, thus reducing its cost. This configuration
requires minimum submarine infrastructure, but it is susceptible to highly dynamic
loads, high tensions on top portion of the riser (specially for deep water applications)
and to the reverse end cap effect, given the high compression in the touch down zone
(TDZ).

This configuration is therefore most adequate to less severe environments or fixed
production units.

Lazy Wave

The lazy wave (see Figure 2.6 (e)) configuration is obtained with the use of floaters
(buoys), that are attached to a given section somewhere in the middle of the line,
increasing its buoyancy. The buoys application creates a hump in the line that is
called SAG-HOG region, which attenuates the waves dynamic loading seen by the
TDZ and reduces the total line weight seen by the top region of the riser.

Although the installation is more complex and expensive when compared to
free-hanging application because of the attachment of each buoyancy module, it is
still simpler than other configurations, usually dismissing the use of divers or ROVs
(Remotely Operated Vehicles) since the buoys are installed in the flexible pipe while
the line is being installed in the field.

This configuration is most adequate to moderately severe environments with
medium to deep water applications, and with few risers given the greater lateral
movements and the risk of interferences between different lines.

Other Configurations

Several different configurations are also available in literature and have been applied
by the industry, but will not be detailed in the scope of this work. Figure 2.6 presents
some examples.
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Figure 2.6: Examples of Common Flexible Riser Configurations (API RP 17B, 2014)

2.2 Global Analysis

The evaluation of flexible risers to ensure they meet all technical requirements for a
specific configuration is typically divided into two steps: Global Analysis and Local
Analysis.

The so-called Global Analysis starts with the identification of the loads acting
on the structure being analyzed. These loads, along with the characteristics of the
materials employed in the flexible pipe’s layers and its geometry, defines a structural
problem, in which the unknowns are stresses and strains at the internal points of the
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pipe (VIGNOLES, 2002). The solution of this problem can be carried out through
experimental simulation and/or numerical simulation of the physical problem. Ex-
perimental simulations are based on geometric and physical similarities between the
model and the prototype, but are a very expensive and time-consuming approach,
being used in specific situations only.

VIGNOLES (2002) states that numerical simulations (Finite Element Method)
are more suitable for the design of flexible risers, by definition of a mathematical
model that represents the structural problem to be solved. The analyses of the struc-
tural behavior can be divided into linear or nonlinear, and static or dynamic. The
proportionality between applied actions and the structure’s responses characterizes
the problem as linear, and when there is no such proportionality, the problem is said
to be nonlinear. The loads applied to the structure can be divided into permanent
actions (weight, buoyancy, constant currents, etc.) and variable ones (waves, top
imposed cyclic movements, variable currents, etc.). Permanent actions have a static
behavior, thus allowing a static analysis. Actions produced by waves, when they
vary slowly over time, characterize a “quasi-static” behavior, allowing a static anal-
ysis. When these actions do not vary slowly over time, characterizing a dynamic
behavior, a dynamic analysis is necessary.

Specifically speaking of flexible risers, according to SUN and QI (2011), the
global analysis of a flexible riser is conducted to evaluate the global effects of loads
on the riser, i.e., it provides the global values of axial tension, radius of curvature
and bending moment to which the riser is subjected as a whole. It does not provide,
however, the stresses to which each layer is effectively subjected to. This analysis is
carried out later in the stage known as Local Analysis of the Flexible Riser.

When the Global Analysis is assumed uncoupled, it can be sub-divided in two
separate uncoupled steps: Global Static Analysis and Global Dynamic Anal-
ysis.

Global Static Analysis

The Global Static Analysis’ goal is to determine the equilibrium configuration of the
system under the action of weight, buoyancy, and current-induced drag forces (when
assumed constant over time), and to provide an initial configuration for the Global
Dynamic Analysis. If the model is correctly developed, the calculation converges
to an equilibrium configuration after the following iterative steps: with the initial
position determined, the imbalance of each free body (nodes, buoys, etc.) generated
by the action of the loads and interaction with neighboring elements is calculated.
New positions are then repeatedly estimated/calculated until this imbalance tends
to zero and the system is in equilibrium.
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Global Dynamic Analysis

The Global Dynamic Analysis is usually a time-domain simulation of the model’s
response to the combined action of floater motions, waves, and current over a spec-
ified period, starting from the equilibrium position determined by the global static
analysis. From global dynamic analysis results it is possible to extract how forces,
positions, bending moments, curvatures, etc., along the riser vary over time.

Some checks that are performed with global dynamic analysis, as mentioned by
GONÇALVES (2009), are if the obtained curvatures do not violate the manufac-
turer’s minimum curvature radius, if the maximum axial tension obtained is below
the line’s maximum capacity, if conditions of compression and minimum curvature
during installation situations respect project requirements, if compression due to
bending is not excessive, etc. It is also from the Global Dynamic Analysis that are
obtained the values of loads on supports and stiffeners used for their design, the
maximum loads that will serve as input for local stress analyses and the efforts used
in the fatigue analysis. The interference between neighboring lines, anchor lines and
the platform is also evaluated, to prevent damages that could occur to outer sheath.

The time-domain analysis is more suitable for capturing the possible nonlinear
effects associated with structural and hydrodynamic non-linearities (YANG et al.,
2015), since frequency-domain analysis is based on linearizations. According to
KAREGAR (2013), the set of equations that mathematically represents the struc-
tural behavior of flexible pipes systems is given by:

Mẍ(t) +Cẋ(t) +K(x)x(t) = F(t) (2.1)

where M, C and K are the mass, damping and stiffness matrices, respectively. x(t)
is the displacement vector, that contains the 6-degree of freedom translations and
rotations, in x, y and z directions. Finally, F(t) contains the excitation forces acting
on the line, that are caused by the movements of the floating unit and environmental
loads (waves and currents).

The Equation (2.1) is typically solved using the Finite Elements Method (FEM),
either via explicit or explicit integration procedures. There are several commercial
software available in the market to perform such analysis: Riflex, DEEPLINES
(2024), OrcaFlex, etc. In the scope of this work, DEEPLINES (2024) was used.

The Finite Element Method theory and details of the methodology with which
it is possible to obtain M, C and K are out of scope of this work. However, some
special attention will be given to the F(t) vector that, as previously mentioned,
contains the excitation forces acting on the line, that are caused by environmental
loads and the movements of the floating unit. The two following sections detail
further both points.
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2.2.1 Environmental Loads

VIGNOLES (2002) states that environmental loads act on floating systems through
waves, currents, and winds. Wave and current loads act on the floating system
(floating unit + flexible line), and wind loads act, in principle, only on the floating
unit. The influence of waves decreases with increasing depth, and the action of
currents is present in almost the entire water column. The action of waves is only
perceived up to a certain depth and depends on the wavelength.

Waves

Waves are cyclic hydrodynamic loads from the sea, characterized by irregular and
random shapes, heights, lengths, and propagation speeds (DNV RP C205, 2000).
They affect both the riser, generating forces due to drag and inertia components,
and the floating unit, imposing motion at the top boundary condition. In numerical
simulations, two theoretical wave modeling methods are commonly used: regular
waves and irregular waves. The following paragraphs provide brief descriptions of
regular and irregular wave theories commonly used in the industry.

DNV RP C205 (2000) states that for quasi-static response of structures, it is
sufficient to use deterministic regular waves characterized by wave length and cor-
responding wave period, wave height and crest height. The “Regular Linear Wave”
theory, also known as the “First Order Airy Wave”, provides a straightforward de-
scription of wave profiles as sinusoidal signals with a single frequency. It assumes
that the wave height is much smaller than both the wave-length and the water depth.
According to this theory, the wave crest height is equal to the wave trough depth,
and both are referred to as the wave amplitude (see Figure 2.7). Nonlinear wave
models distribute the wave profile unevenly above and below sea level. DNV RP
C205 (2000) presents some linear and nonlinear regular wave models, that will not
be detailed in this work.

14



Figure 2.7: Examples of linear and nonlinear wave models

Structures with significant dynamic response require stochastic modelling of the
sea surface and its kinematics by time series (DNV RP C205, 2000). With the ir-
regular wave approach, the attempt to characterize the actual sea surface involves
defining it as a mathematical distribution of wave energy represented by the corre-
sponding wave spectrum S(w) across the relevant frequency band, i.e., the power
spectral density function of the vertical sea surface displacement. Each sea state is
specified by a wave frequency spectrum with a given significant wave height, a rep-
resentative frequency, a mean propagation direction and a spreading function (DNV
RP C205, 2000). The most appropriate wave spectrum depends on the geographical
area with local bathymetry and the severity of the sea state. Three hours has been
introduced as a standard time between registrations when measuring waves.

The mathematical modeling of surface elevation can be simplified by the linear
superposition of various harmonics with different frequencies distributed within the
relevant frequency band of the sea spectrum, as expressed by the following equation
(CHAKRABARTI, 1987):

η(x, t) =
N∑

n=1

An cos(−ωnt+ knx+ ϕn) (2.2)

where η(x, t) represents the surface elevation at position x and time t, N is the
number of harmonics and An, ωn, kn and ϕn are, respectively, the amplitude, the
angular frequency, the wave number and the random phase angle of the nth harmonic.

Some key concepts that will be useful throughout this work can then be defined
(DNV RP C205, 2000):

• Significant Wave Height (Hs): defined as the average height (trough to crest)
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of the highest one-third waves in the indicated time period, also denoted H1/3.

• Wave Peak Period (Tp): the wave period determined by the inverse of the
frequency at which a wave energy spectrum has its maximum value.

• Wave Zero-up Crossing Period (Tz): the average time interval between two
successive up-crossings of the mean sea level.

As mentioned before, the distribution of energy density as a function of frequency
is called the wave spectrum, and it is proportional to the wave amplitude. Two com-
mon algebraic formulations for wave spectra, often used in ocean and coastal engi-
neering, are the Pierson-Moskowitz Spectrum (SPM) and the JONSWAP Spectrum
(SJ).

The Pierson-Moskowitz Spectrum (SPM) is defined by (PIERSON JR. and
MOSKOWITZ, 1964):

SPM(ω) =
5

16
H2

sω
4
p exp

(
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4

(
ω

ωp

)−4
)

(2.3)

where ω is the angular frequency and ωp is the peak angular frequency (ωp = 2π/Tp).
The Pierson-Moskowitz spectrum was originally proposed for fully-developed sea.

The JONSWAP Spectrum (SJ) is given by (HASSELMANN et al., 1973):

SJ(ω) = AγSPM(ω)γ
exp

(
−0.5

(
ω−ωp
σωp

)2
)

(2.4)

where SPM is the Pierson-Moskowitz spectrum, γ is a non-dimensional peak shape
parameter, σ is a spectral width parameter and Aγ is a normalizing factor given by:

Aγ = 1− 0.287 ln γ (2.5)

The spectral width parameter is given by:

σ = σa for ω ≤ ωp

σ = σb for ω > ωp

(2.6)

Average values for the JONSWAP experiment data are γ = 3.3, σa = 0.07,
σb = 0.09. For γ = 1 the JONSWAP spectrum reduces to the Pierson-Moskowitz
spectrum. The JONSWAP spectrum is expected to be a reasonable model for 3.6 <

Tp/
√
Hs < 5 (DNV RP C205, 2000).
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Currents

While wave loads generate small-period oscillating forces on the riser, currents gen-
erate forces of approximately constant intensity and direction over time. They can
cause large offset movements in the floating unit, create vortex-induced vibrations
in addition to lift and drag forces on the riser, and even modify seabed conditions.

Some types of currents are detailed according to DNV RP C205 (2000):

• Wind-generated currents: caused by pressure gradients resulting from atmo-
spheric air movement;

• Tidal currents: regular, following the harmonic movement of celestial bodies.
They are generally weak in deep waters but considerably amplified in coastal
regions due to seabed characteristics near the shore;

• Circulation currents: constant, large-scale movements of ocean circulation
(e.g., Gulf Stream);

• Littoral currents: due to wave breaking on the shore at a certain angle, these
currents are created and run parallel to the coast.

The final result of the current at a given location is the combination of these
various currents from different origins. If the current at the location has direc-
tional characteristics, it should be specified through different profiles for multiple
directions. During the load case selection stage, these directional currents will be
associated in different ways with the offset and riser direction to create different
extreme load cases for analysis. In the static and global analyses the current ef-
fect is represented by a static drag force computed by means of Morison’s equation
(MORISON et al., 1950).

Wind

According to the API RP 2SK (1996), there are two methods to quantify the effects
of wind in the design of offshore systems:

• Constant wind force: the wind action is simplified as constant in time and
direction, and forces and moments are calculated using aerodynamic drag co-
efficients.

• Variable wind force: the force is modeled as composed of a static compo-
nent, added to a dynamic component obtained through an appropriate wind
spectrum, such as the one presented in API 2A WSD (2000).

Wind loading is often disregarded in the riser analyses, and its impact will not
be considered in the present study since it acts in fact in the floating unit.
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2.2.2 Movements of the Floating Unit

The floating unit motion due to waves can be characterized by the Response Am-
plitude Operators (RAOs), that are basically transfer functions that describe the
6-degrees of freedom movements of the floating unit when subjected to a wave with
given direction, height and period (JOURNÉE and MASSIE, 2000).

In the frequency domain, the motion spectrum of the floating unit for a specific
degree of freedom, represented by Si(ω), is expressed as:

Si(ω) = [RAOi(ω)]
2S(ω) (2.7)

where RAOi(ω) denotes the transfer function corresponding to the degree of freedom
of interest and the direction of the incident wave, while S(ω) refers to the wave
spectrum associated with a short-term environmental condition (usually 3 hours)
represented by a significant wave height Hs and peak period Tp.

NAESS and MOAN (2012) have shown that the corresponding time series of the
floating unit’s movements can be obtained through the RAOs, as follows:

xi(t) =
M∑
n=1

RAOi(ωn)An cos(−ωnt+ κnx+ ϕn + θin) (2.8)

where i is the degree of freedom of the floating unit, RAOi(ωn) is the corresponding
amplitude of the RAO at frequency ωn, and θin is the phase angle of the RAO
associated with frequency ωn.

In general, a global dynamic riser analysis is performed by imposing all floater
motions at the top of the riser model and also considering just current-induced load
on it. It must be noticed that the floater motions are known a priori (through
Equation (2.8)) and they are the main inputs for the riser responses.

2.3 Local Fatigue Analysis

After the Global Analysis has been performed, the global values of axial tension,
radius of curvature, and bending moments to which the riser is subjected to are
available. The stresses to which each layer is effectively subjected, however, are still
undetermined. The analysis that calculates such stresses is known as Local Analysis.
There are several specific analyses that all fall under the umbrella of Local Analysis,
such as tube collapse, pressure sheath permeation analysis, stresses and strains in
pressure vaults, thermal analysis when heat loss/retention is a project requirement,
etc. This section will focus specifically on the fatigue analysis of tensile armor wires,
which is the relevant subject with regards to this work.
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2.3.1 Stress and Strain Calculations

As a result of the global analysis, the forces along the whole flexible riser are deter-
mined based on external loads. This loading is distributed across the line section,
and the stresses and strains experienced by each layer and component are assessed
through local analysis. This analysis is divided into two parts: the evaluation of
stresses and strains due to axisymmetric loading (including axial tension, torsion,
and internal and external pressures) and the evaluation of stresses and strains due
to bending. The next section provides a general overview of both steps, without
delving into the mathematical equations that fully describe the methods. For a
complete description, refer to VIGNOLES (2002).

Axisymmetric Stress and Strain

Axisymmetric loads are named as such because they have symmetry with respect to
the longitudinal axis of the line. CUSTODIO (1999) states that the main objectives
of axisymmetric section analysis are:

• The determination of structural stiffness, as well as pipe elongation, twist,
and external diameter variations under various loading conditions of tension,
torsion, and pressure.

• The determination of stresses and strains in each layer, and the axisymmet-
ric loads that could lead to some type of permanent damage to the section.
Assessing the integrity of the layers during loading aims to determine the sec-
tion’s maximum resistance to internal pressure, external pressure, tension, or
torsion, applied individually or in combination.

• The determination of pressures at layer interfaces: interface pressures are of
particular interest for fatigue analysis (fretting).

Stress and Strain Due to Bending and Friction

The methodology proposed by FERET et al. (1995) for the behavior of tensile
armor wires under pure bending is one of the papers that layed the groundwork in
the industry, as it considers not only the torsional and bending stresses in relation
to the neutral axis of the wires, but also the shear interaction effects between the
adjacent wires. The stresses and strains of each wire are considered in combination
with the relative movement between wires, and interactions between them. The
details are skipped here but can be found in the referred work or in VIGNOLES
(2002).
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Combined stress

The combined stress, therefore, is the combination of the stress components due
to axisymmetric loading, bending and friction loads (SAEVIK, 1992). This stress
represents the “response” of the wire to the global loading. Considering the random
loading produced by the irregular wave, variations in the combined stress occur, so
over time the combined stress also exhibits random behavior. By considering various
angles of wave incidence and different levels and directions of currents, it is possible
to obtain the combined stress time-series for each of the conditions considered.

Figure 2.8 illustrates the procedure for flexible risers tensile armor local analysis.

Figure 2.8: Flexible riser tensile armor local analysis schematic, adapted from VAIL-
LANT (2024)

2.3.2 Damage Calculation

Once the stress time-series are determined, the final step in the fatigue analysis is
to calculate the damage seen by the tensile armor wires. This can be performed
with the use of S (stress variation) - N (number of cycles to failure) curves, that
are obtained via fatigue tests.

S-N curves are be obtained to characterize the material in relation to fatigue
performance, allowing comparison with other materials, or to determine the number
of cycles or the operational time a given component or structure will have until
failure. Thus, the S-N curves represent the relationship between cyclic loading (S)
and the number of cycles (N) until failure occurs in the material, component, or
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structure.
For each loading level, the tested components or structures will fail at different

numbers of cycles. In other words, assuming a set of identical components (geometry,
material, etc.) subjected to the same stress variation (S), they will fail at different
numbers of cycles (N). Therefore, a statistical treatment is necessary to obtain the
most representative N for the stress level S. By performing this test for various
stress levels S, the S-N curve is obtained. For this reason, it is more convenient
to define the S-N curve or diagram as: “A family of curves that characterize an
iso-probability of failure” (BUREAU VERITAS, 1987). For steels, the S-N curve is
represented by the following equation:

m logS + logN = logC (2.9)

where N is the cycles to failure, S is the stress range (either hot-spot or nominal
stress range depending on the application), C and m are constants that depend
on the characteristics of the component (material, geometry, welds, etc.) and are
defined through experimental tests. For a given stress range S, the fatigue damage
per cycle can be calculated as the inverse of the number of cycles to failure:

D =
1

N(S)
(2.10)

where N(S) is given by the S-N curve. Finally, the total fatigue damage is computed
for all stress cycles by means of the Miner’s rule (MINER, 1945), that determines
that the total damage is the sum of the individual damages from each stress cycle.

It is important to consider, however, that the S-N curve is developed based on
a constant stress range S applied on the specimen until final failure. ZAKARIA
et al. (2016) states that the mean stress σm can significantly influence the fatigue
life of the material. Figure 2.9 shows an example of fatigue life behaviour when the
specimen is subjected to different mean stress loading. The fatigue strength of a
material decreases significantly as the tensile mean stress increases but increases as
compressive mean stress increases (KIHL and SARKANI, 1999).
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Figure 2.9: Fatigue life behaviour under different mean stress (ZAKARIA et al.,
2016)

Given an endurance level, it is possible to cross-plot fatigue data to illustrate
the impact of mean stress on fatigue strength. When the mean stress equals the
material’s ultimate strength, the allowable stress amplitude is considered zero, in-
dicating the material is at its breaking point. The effect of the mean stress on the
fatigue endurance can be analytically described using different models. Goodman,
Gerber and Soderberg are three examples that can be mentioned, well established
in literature (see MARGHITU et al. (2001) for further details).

The Goodman line is given by:

σa

Se

+
σm

Sut

= 1 (2.11)

The Gerber line is given by:

σa

Se

+

(
σm

Syt

)2

= 1 (2.12)

The Soderberg line is given by:

σa

Se

+
σm

Syt

= 1 (2.13)

where σa is the stress amplitude, Se is the stress amplitude at zero mean stress, σm

is the mean stress, Sut is the ultimate tensile strength and Syt is the yield strength.
Figure 2.10 illustrates these three equations.
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Figure 2.10: Schematic of the Goodman and Gerber mean stress correction
(MARGHITU et al., 2001)

Specifically speaking of flexible pipe’s tensile armor fatigue analysis, after the
stress time-series are obtained, it is necessary to perform some kind of cycles count-
ing, to convert the given stress time-series into a set of mean and alternate stress
cycles. Rainflow counting algorithm (ASTM, 2011) is often used. The short-term
damage for each constant stress can then be computed as previously described. This
is done for each short-term environmental condition of the location where the riser
is going to be installed. Figure 2.11 shows a summary of the short-term fatigue
damage computation.
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Figure 2.11: Short-term fatigue damage computation (VAILLANT, 2024)

In the long-term analysis, the fatigue damage of all short-term conditions must
be accounted for. In terms of marine structures this is done by computing the annual
fatigue damage D1yr, so the fatigue life can be inferred as the inverse of this result.
The annual fatigue damage can be obtained with the full long-term fatigue damage
integral defined by (see MONSALVE-GIRALDO et al. (2016)):

D1yr = 2920

∫ ∞

0

∫ ∞

0

d(h, t) fHs,Tp(h, t) dh dt (2.14)

where 2920 is the number 3h sea states in one year, d(h, t) is the fatigue damage
accumulated in a short-term period of 3h considering a sea state with Hs = h and
Tp = t, and fHs,Tp(h, t) is the Hs−Tp joint probability density function that describes
that given sea state.
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Chapter 3

Symbolic Regression

TOHME et al. (2023) define Symbolic Regression (SR) as a form of regression anal-
ysis where a mathematical function that describes a dataset is derived. Unlike
traditional regression methods (e.g., linear, quadratic), which have predetermined
independent variables and adjust numerical coefficients for the best fit, SR simulta-
neously finds both the parameters and the equation. SR is typically implemented
using evolutionary algorithms, drawing from a broad range of Artificial Intelligence
methods.

The most common approach for constructing SR models is Genetic Programming
(GP), which will be detailed in the following section. Afterwards, the Simulated An-
nealing (SA) algorithm will also be presented, since it is the one employed behind
TURINGBOT (2024) software, which was used in the scope of this work to imple-
ment SR.

3.1 Algorithms For Symbolic Regression

3.1.1 Genetic Programming

Genetic Programming (GP) is a type of Evolutionary Algorithm (EA) that offers a
framework to express data behavior through mathematical equations by exploring
the mathematical space in an evolutionary process (ANGELIS et al., 2023). GP
is applicable to most regression-based science and engineering problems. GP uses
evolutionary operators (crossover, mutation, and selection), to change the individual
encoding and generate better offspring for searching a solution in the mathemati-
cal expression space (HE et al., 2022). Expressions that do not meet accuracy and
complexity criteria are discarded, while the ones that do meet the desired crite-
ria are combined to form an output expression capable of producing the desired
outcome. Different GPs employ different individual encodings to represent math-
ematical equations, such as tree-encoded GPs (KOZA, 1994), graph-encoded GPs
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(MILLER, 2011), and linearly encoded GPs (BRAMEIER and BANZHAF, 2007).
For tree-encoded GPs, the symbolic expressions are commonly visualized as tree

structures with nodes and branches. The GP tree-structure scheme comprises base
functions and terminal nodes. Base functions can take various forms (e.g., +, −,
×, ÷, log), while terminal nodes represent data inputs (e.g., X, Y ) and numeric
constants (e.g., 0.1) necessary for constructing a symbolic expression. The final
combination results in a desired expression in the form of a rooted tree. For instance,
in Figure 3.1, a tree-structure corresponding to the symbolic expression S1 is shown.
The numbers above each node are irrelevant to the procedure and serve only as
reference points. Nodes 1 and 2 are base functions (e.g., ÷, −), whereas nodes 3,
4 and 5 contain a numerical constant (e.g., 0.1) and input variables (e.g., X, Y ).
Configurations of base functions and terminals are hierarchically arranged in GP,
serving as “individuals” within a population containing multiple such configurations.

Figure 3.1: Symbolic expression tree example, adapted from ANGELIS et al. (2023)

The process aims to find the optimal number of nodes/terminals that achieve
the best fit over a given dataset, resulting in a final equation. GP evolves by ex-
ploring several possible implementations between the base functions and terminals.
Starting from an infinite pool of choices, GP creates the first population randomly,
with the population size predetermined by the user. Each configuration within the
population could contribute as a poor fitness parameter, affecting the entire dataset
(ANGELIS et al., 2023). However, some configurations might be more effective than
others. By continuously examining the effect of each implementation, the process
identifies promising candidates that produce small errors and employs them in future
implementations, while discarding those with poor performance.

The evolutionary procedure progresses step by step, reducing the average error by
removing poor-performing expressions. Random mutations can also be introduced to
minimize the possibility of the algorithm being trapped in local minima. Eventually,
at a predetermined point, the GP sequence finalizes, and the equation is exported.
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Termination reasons could include a maximum number of iterations defined in the
algorithm, a point where the statistical error of an individual equals zero (optimal
equation), or a point where the statistical error is lower than a given threshold.
GP can also produce multiple equations, usually with varying complexity. Low
complexity might indicate poor error performance, while high complexity could lead
to over-fitting.

A flowchart illustrating GP evolution is shown in Figure 3.2.

Figure 3.2: Genetic programming based Symbolic Regression flowchart (ANGELIS
et al., 2023)

3.1.2 Simulated Annealing

Simulated Annealing (SA) is a meta-heuristic algorithm commonly used for opti-
mization problems with large search spaces. The algorithm is based on randomiza-
tion techniques, while also incorporating a number of aspects related to iterative
improvement algorithms (VAN LAARHOVEN and AARTS, 1987). It was intro-
duced in the early 1980s, when concepts of annealing from metallurgy were applied
to combinatorial optimization problems, such as the Traveling Salesman Problem.
This approach was first detailed by KIRKPATRICK et al. (1983).

SA is an optimization technique inspired by the process of annealing in met-
allurgy, where materials are heated and then slowly cooled to remove defects and
improve their structure. DELAHAYE et al. (2019) explain the concept: starting
from the liquid phase, when particles are randomly distributed, it has been demon-
strated that the minimum-energy state can be achieved if the initial temperature
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is sufficiently high and the cooling time is adequately long. When these conditions
are not met, the solid will end up in a meta-stable state with higher energy, a
phenomenon known as hardening, which occurs due to rapid cooling. Conversely,
during a slow annealing process, the material also solidifies, but the atoms arrange
themselves with symmetry.

Figure 3.3: Hardening vs. Annealing schematic (DELAHAYE et al., 2019)

The SA algorithm is based on the analogy between the simulation of the an-
nealing of solids and the problem of solving large combinatorial optimization prob-
lems. For this reason the algorithm became known as “simulated annealing” (VAN
LAARHOVEN and AARTS, 1987). In summary: in SA, a search process starts
with an initial solution (high-energy state), then applies perturbations to the cur-
rent solution while lowering a control parameter (the temperature) until it reaches
the optimal solution (a state of minimum energy). During each iteration, the cur-
rent solution is improved by randomly perturbing it and accepting the perturbation
with a certain probability. The probability of accepting a worse solution is initially
high and gradually decreases as the number of iterations increases. The algorithm
is detailed in the next paragraphs, based on the work by VAN LAARHOVEN and
AARTS (1987).

The first step of the algorithm involves defining the problem to be optimized,
specifically the energy function, which will be minimized. Once the energy function
is established, the initial temperature and the initial candidate solution must be
set. The initial candidate solution can be generated randomly or based on prior
knowledge of the problem. The energy of this initial candidate solution is then
calculated.

Next, a perturbation function needs to be defined to generate new candidate
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solutions. This function should produce solutions that are close to the current one
but not too similar. Details on how to implement perturbation functions are out of
the scope of this work. After generating new solutions, an acceptance criterion is
required to determine whether a new solution is accepted or rejected. This accep-
tance depends on the energy difference (∆E) between the new and current solutions,
as well as the current temperature (T ). The classic acceptance criterion in SA is
derived from statistical mechanics and is based on the Boltzmann probability dis-
tribution (see GAO (2022) for further details). A system in thermal equilibrium at
temperature T can be found in a state with energy E with a probability proportional
to exp(−E/kT ):

P (E) ∼ (−E/kT ) (3.1)

where k is the Boltzmann constant. Therefore, at low temperatures, the likelihood
of the system being in a high-energy state is minimal. This aspect is vital in SA
because an increase in energy enables the system to escape local minima and discover
the global minimum.

A mathematical function implementing the acceptance criterion is as follows:

Algorithm 1: Acceptance Function
Input: T , ∆E

Output: True of False, indicating the acceptance or rejection of the new
solution.

1 Function AcceptFunction(T,∆E):
2 if ∆E < 0 then
3 return True
4 else
5 r ← random value in the range [0, 1) ;
6 if r < exp(−∆E/kT ) then
7 return True
8 else
9 return False

10 end

11 end

12 end

A candidate solution with lower energy is always accepted. Conversely, a
candidate solution with higher energy is accepted randomly with probability
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exp(−∆E/kT ).
The temperature schedule dictates how the system’s temperature evolves over

time. Initially, the temperature is high, allowing the algorithm to explore a broad
range of solutions, even those worse than the current one. As iterations progress,
the temperature gradually decreases, making the algorithm more selective and more
likely to accept better solutions. A simple schedule can be achieved by dividing the
current temperature by a factor α > 1.

Finally, the algorithm is run by iteratively applying the perturbation function
and acceptance criterion to the current solution. The process terminates when the
temperature cools to a certain level Tmin or when the energy of the current solution
falls below a fixed threshold Eth.

An example of SA algorithm is as follows:

Algorithm 2: Simulated Annealing

Input: fi - initial candidate solution ;
Ti - initial temperature ;
Tmin - minimum temperature ;
δE - energy threshold ;
α - temperature reduction factor.
Output: f - final solution ;
E - energy of the final solution.

1 T ← Ti ;
2 E ← E(fi) compute the energy of the initial solution ;
3 while (T > Tmin) and (E > δE) do
4 fnew ← generate new candidate solution ;
5 Enew ← E(fnew) compute the energy of new candidate ;
6 ∆E ← (Enew − E) ;
7 if AcceptFunction(∆E, T ) then
8 f ← fnew ;
9 E ← Enew ;

10 end
11 T ← T/α decrease the temperature ;

12 end
13 return f , E
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Chapter 4

Riser Responses Prediction Through
Symbolic Regression - Proposed
Methodology

The typical analysis workflow employed during the flexible pipe cross section design
requires performing 3h (10800s) long time-domain simulations, often called global
dynamic analysis, to obtain the structural response of the vessel-flexible pipe system
for a given short-term environmental condition (also known as sea state). Specifically
focusing on fatigue analysis of tensile armor wires, axial tension and curvatures (or
bending moments) are two variables of utmost interest. Its time-series are obtained
for the full simulation length and are then used to compute stresses. By applying the
Rainflow counting algorithm (as per ASTM (2011)) to the stress time-series, mean
and alternate stresses are obtained along with associated cycles number, which can
be used to perform the damage calculation using an S-N curve and Miner’s rule.

If a design environmental contour (derived from the Hs−Tp joint probability func-
tion, see RODRIGUES (2022)) and its corresponding set of sea states is available,
the damage of each sea state is computed and the cumulated fatigue damage that
the specific layer will see during its lifetime can be calculated. The stress-damage
calculation step if often called local fatigue analysis, and this entire workflow is usu-
ally repeated for several arc-lengths in the flexible riser, considering different regions
of interest such as: top region, end-fittings, SAG-HOG region, TDP region, etc.

This chapter presents a methodology with the main objective to reduce the
computational effort required to perform the fatigue analysis of flexible risers tensile
armor wires, initially focusing on predicting axial tension and curvature time-series
for one given sea state. Afterwards, the methodology is expanded considering a set
of sea-sates inside an environmental contour.

It is worth mentioning again that, according to Section 2.2.2, the floater motions
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time-series for a given short-term environmental condition are known a priori and
defined by means of the floater motions RAOs and the sea state spectrum, which
depends on the Hs and Tp wave parameters.

4.1 Riser Top Response Time-series Predictions

The first step of the proposed methodology is to perform a short time-domain simu-
lation of the vessel-flexible pipe system. Typically, the system dynamic response in
each moment of time depends not only on what is occurring at that current moment,
but also on the past dynamic history already seen by the system. The goal is that
this short simulation will be used to train a Symbolic Regression model that will
be used to perform predictions of riser responses at its top node, substituting the
full costly FEM-based simulation. Figure 4.1 illustrates this division into train and
prediction sections of a given time-series.

Figure 4.1: Train and predict section in a generic time-series

Considering a given node of FEM model (this work initially focus only on the
top node), and given that the long axial tension and curvature time-series are the
inputs of utmost interest for fatigue analysis, the following set of equations can be
written:

F (t) = f
(
x(t),Rx(t),x(t− 1),Rx(t− 1), ...

)
C1(t) = g

(
x(t),Rx(t),x(t− 1),Rx(t− 1), ...

)
C2(t) = h

(
x(t),Rx(t),x(t− 1),Rx(t− 1), ...

) (4.1)

where F (t) is the effective axial tension, C1(t) and C2(t) the relevant curvatures
(disregarding the out-of plane component C3(t)), x(t) and Rx(t) are, respectively,
the 3-component vectors for position and the rotation of the floater that are imposed
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at the riser top node and t−j means a delayed time (t−j∆t) where ∆t is the sampling
time-step of the considered time-series and j is the delay to consider.

Once again, the goal of the methodology proposed by this work is to apply Sym-
bolic Regression to predict the axial tension and curvature time-series, which means
finding analytical expressions that can approximate sufficiently well the functions
f(.), g(.) and h(.) of Equation (4.1). There are currently several open-source li-
braries and commercial software that can be used to train and validate Symbolic
Regression models. TURINGBOT (2024) software was used in the scope of this
work.

TURINGBOT (2024) is an implementation of Symbolic Regression based on
Simulated Annealing approach, described in the previous chapter. The software
tries to combine a set of base functions into simple formulas to accurately predict
the desired variable. The next section details the methodology developed to train
the Symbolic Regression model to perform axial tension and curvatures time-series
predictions.

4.1.1 Symbolic Regression Training Methodology

The methodology used to train the model is described in this section. It is useful at
this stage to make two definitions that will be applicable throughout this chapter:
feature variables and target variables.

• Feature variable: input variables, also known as independent variables, pre-
dictors or simply features, are the variables that are used to predict or explain
the target variable. In this work, the feature variables are the position and
the rotation of the floater that are imposed at the riser top node, denoted by
the vectors x(t) and Rx(t), and their time-delays.

• Target variable: output or dependent variables, or simply targets, are the
variables that the model aims to predict based on the features. In the scope
of this work, the targets are the axial tension (F ) and curvatures (C1 and C2)
seen by the flexible riser.

Equation (4.1) can be simplified as:

w(t) = f(u1(t), u2(t), u3(t)...) (4.2)

where w(t) represents a single time-dependent target and ui(t) represents features
that can be used to predict w(t). Considering that there is only a finite number of
features that can be provided to a regression model, it is useful to rewrite Equation
(4.2) as:
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w(t) = f(u1(t), u2(t), ..., ui(t)) + r(t) (4.3)

where i represent the finite number of features that are seen by the model during
training, and r(t) represents “residue” time-series, that is in fact the error between
the prediction performed by function f(.) and the exact value of w(t). Using the
hat notation to denote predictions, Equation (4.3) can be simplified to:

w(t) = ŵ(t) + r(t) (4.4)

The method for training the Symbolic Regression model is to provide short length
time-series of the target variable, along with relevant features, choose some optimiza-
tion and regression parameters, and let TURINGBOT (2024) software perform the
training and output the analytical equations. It is, therefore, interesting to present
at this stage, the features considered for training, along with the regression and
optimization parameters supplied to TURINGBOT (2024):

• Base functions: tests have shown that, for the specific analysis performed
in this work, the model behaves better when only simple base functions are
supplied, such as addition, subtraction, division, multiplication. Supplying
nonlinear base functions (exponential, power, trigonometric, etc.) or discon-
tinuous functions (module, round, floor, ceil, etc.) did not improve the pre-
dictions accuracy.

• Feature variables: another important decision to make besides the base
functions used is the features to consider for training, specifically the number
of delays of the input time-series x(t) and Rx(t) to provide to TURINGBOT
(2024), i.e., how much of past-history data to provide to the model. Numerous
tests have shown that providing more than two delays (x(t − 3∆t), x(t −
4∆t), etc.) did not increase predictions accuracy. Tests have also shown that
including the first derivatives in time (ẋ(t) and Ṙx(t)) of the aforementioned
vectors did not improve the prediction significantly, but providing the second
derivatives (ẍ(t) and R̈x(t)) indeed enhanced the prediction performance.
All the feature variables were scaled before being supplied to TURINGBOT
(2024), which means to take each time-series, subtract its mean and divide the
result by the standard deviation.

• Optimization parameters: Table 4.1 presents the optimization parameters
supplied to TURINGBOT (2024), with brief descriptions.
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Table 4.1: TURINGBOT (2024) optimization parameters

Parameter Value considered Description

Error metric Hybrid

The geometric mean between the
correlation coefficient and the
root mean squared error. Used by
TURINGBOT (2024) to rank the
solutions.

Train/test split 50%/50%
The proportion between train and
test subsets.

Test sample Random
The method used to select the
test sample.

History size 2
The maximum number of features
time-delays to consider when
training the model.

Delay of target variable False
Whether the time-delays of the
target variable can be used as a
feature.

Some specific attention should be given to the option to use the delay of target
variable as a feature. The explanation on why the delay of the target should not
be provided to the model as a feature goes as follows: the sampling time of the
time-series used in this work is of 0.2s. Considering that each sampling point is only
0.2s ahead of the previous one, an analytical expression that would present a very
low error metric would be one as simple as just repeating the previous target value,
0.2s behind. This is indeed what TURINGBOT (2024) presented as result when the
delay of target variable was set to “True”. This result, however, is useless, since the
expression only works for the training time-series and the expression could not be
used for the test time-series.

Additionally, some further explanation can be given about the train/test split-
ting and sampling. The definition of a 50%/50% proportion of train/test splits
means that TURINGBOT (2024) will split the input time series in 50%/50% man-
ner. This split will be random (as defined by the “test sample” parameter), and will
not consider a specific criteria (beginning or end of the time-series, for instance).
TURINGBOT (2024) will then evaluate each candidate expression considering the
train split, but will compute the error metric considering the test split. This proce-
dure serves the purpose of avoiding over-fitting problems.

To further increase predictions accuracy, another strategy put in place was to
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perform some iterations using TURINGBOT (2024). Looking once again at Equa-
tion (4.4), the idea is that the first training iteration will try to predict w(t), thus
obtaining an analytical function that calculates ŵ(t). Since both w(t) and ŵ(t) are
available for the training window, r(t) can be computed and TURINGBOT (2024)
can be used once again to perform another prediction, now on r(t). This can be
generalized as follows, considering that r̂j(t) denotes the r(t) prediction obtained on
the jth iteration, and rj(t) denotes the residue calculated after that iteration. These
iterations are presented in Equation (4.5):

w(t) = ŵ1(t) + r1(t)

= ŵ1(t) + r̂1(t) + r2(t)

= ŵ1(t) + r̂1(t) + r̂2(t) + r3(t)

= ...

= ŵ1(t) + r̂1(t) + r̂2(t) + r̂3(t) + ...+ r̂N−1(t) + rN(t)

= ...

(4.5)

The final prediction time-series equation is therefore, considering N iterations:

ŵ(t) = ŵ1(t) + r̂1(t) + ...+ r̂N−1(t) (4.6)

Tests have shown that this strategy improved significantly the final prediction
accuracy. The residue usually stabilized after 10 iterations, meaning that performing
11 or more iterations did not significantly improve the model accuracy. During each
iteration, TURINGBOT (2024) was run for a maximum of 2 minutes on a computer
with Intel(R) Xeon(R) W-2145 processor, period after which the best solution (i.e.,
analytical expression) provided by the software was already stable, and any new
solutions provided by the program from that point onwards would present worse
error metrics. This means that the total computer time for training a prediction
equation is approximately 20 minutes. During each 2 minutes iteration, the best
solution provided by TURINGBOT (2024) was evaluated at 10s intervals, and if the
R-square coefficient between w(t) and ŵ(t) was greater than 0.99, that iteration was
finished.

The coefficient of determination or R-square coefficient between two datasets is
defined by:

R2 = 1−

∑
i

(yi − bi)
2∑

i

(yi − y)2
(4.7)

where bi is the reference data, yi is the measured or predicted data and y is the
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mean of the measured or predicted data.
Finally, the duration of the short FEM simulation for model training needs to

be determined. While the standard simulation length for global analysis is 3 hours
(10800s), in this work simulations of 1000s were used for training purposes. The
evaluation of the optimum short simulation length is left for future works.

Summarizing, the training methodology goes as follows:

1. Gather features 10800s long time-series data: x(t), Rx(t), ẋ(t), Ṙx(t). These
features time-series can be analytically calculated, as described in section 2.2.2.

2. Gather 1000s (free of transient period) target time-series data, retrieved from
the short FEM simulation: F (t), for example.

3. Scale features time-series, subtracting the mean and dividing the result by the
standard deviation for each time-series. The scaling is performed considering
the full 10800s long time-series.

4. Split the features time-series in training and prediction sets, with 1000s and
9800s, respectively. The model will be trained considering the 1000s long time-
series. Results for the remaining 9800s time-series will be obtained with the
model output: a final analytical expression.

5. With the training set:

(a) Scale the target time-series, considering the mean and standard deviation
of the training set only, 1000s long.

(b) Run TURINGBOT (2024) for a maximum of 2 minutes, to obtain the best
solution, f1. While running, evaluate the best expression provided every
10s, stopping the run and moving to the next step if R2(w, ŵ) > 0.99.
The evaluation of a solution is described with more details in the next
step.

(c) Calculate ŵ1(t), by evaluating the obtained expression f1(.), considering
the scaled features as inputs, and then reversing the scaling of the results
time-series, considering the target mean and standard deviation.

(d) Compute r1(t) = w1(t)− ŵ1(t)

(e) Again, run TURINGBOT (2024) for 2 minutes, but this time with r1(t)

data as target variable, obtaining the best solution f2(.).

(f) Evaluate f2(t) with the scaled features, and revert the scaling to obtain
r̂1(t).

(g) Compute r2(t) = r1(t)− r̂1(t).
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(h) Repeat previous steps 8 more times to obtain f3(.)...f10(.) and r̂2(t)...r̂9(t).

(i) The final prediction is: ŵ(t) = ŵ(t) + r̂1(t) + ...+ r̂9(t).

(j) The final analytical expression is therefore: f(.) = f1(.) + ...+ f10(.).

6. Predict the target variable for the prediction set, 9800s long, using the final
expression f(.) generated by the model.

4.2 Predicting Riser Top Response For Neighboring

Sea states

The environmental variables that influence the analysis and project of marine struc-
tures such as risers and mooring lines are the waves, the wind and currents. From
a statistical point of view, these are considered time-dependent random variables,
that cannot be considered stationary in long term scenarios. For short-term how-
ever (roughly 3h duration), these variables can be assumed to be statistically stable
(DNV RP C205, 2000). These short-term periods are denoted sea states.

In the scope of this work, only current and wave parameters were considered.
Currents are assumed constant. A joint distribution of significant wave height (Hs)
and peak period (Tp) was used, Hs characterized by a Weibull distribution and
Tp by a log-normal distribution conditioned on Hs (see details in the next chapter).
Figure 4.2 shows the corresponding 100−yr environmental contour associated to this
Hs−Tp joint probability density function. Forty-four sea states are then arbitrarily
chosen from this environmental contour to check results and perform a subsequent
fatigue analysis. The nineteen blue points are sea states defined on the contour itself
and the remaining twenty-five orange points were selected considering the usage of
Gauss-Hermite quadrature (the details are skipped here, see VAILLANT (2024)) to
solve the long-term fatigue integral, detailed in Section 4.3, that focus on the fatigue
analysis.
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Figure 4.2: Sea states used for the case studies

Considering this environmental contour, the idea to further reduce the compu-
tational effort is to use the analytical equations given by the Symbolic Regression
model to perform predictions of neighboring sea states that were not used in the
training phase. The method consists in first selecting a subset of sea states that
will be used to train the model, i.e., to generate the analytical equations to predict
the effective axial tension and curvature time-series. After training, the resulting
equations are used to predict the riser responses not only for the sea states belonging
to the subset, but also to another ones, not previously selected.

The forty-four sea states were divided in three groups, denoted low, medium and
high, aggregating sea states with low, medium and high Tp, respectively. For each
group, only one training sea state was chosen. For the low and medium groups, the
selection was performed arbitrarily, so that the remaining sea states of the group
would be evenly distributed around the training sea state. For the high group, the
sea state chosen was the one with highest Tp, considering that it would probably
lead to the highest fatigue damages. The training subset was constituted by three
sea-sates, marked with crosses in Figure 4.3. The three groups are presented with
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different colors in the same Figure.

Figure 4.3: Sea state groups and training sea states

For each training sea state, a short simulation was run (1000s), axial tension
and curvatures time-series were extracted and, together with the corresponding
floater motions time-series, used to train the Symbolic Regression model using TUR-
INGBOT (2024), as previously described in section 4.1.1. The resulting analytical
equations were then used to predict the remaining 9800s axial tension and curva-
ture time-series for the training sea state, and to predict the full simulation length
(10800s) time-series for the other sea states in the group, not chosen for training.

As previously mentioned, the selection of the training sea states was made ar-
bitrarily, as well as the number of groups to consider. The definition of which sea
states belonged to each group was performed simply by evaluating the Euclidean
distance between each sea state and one of the three training sea states. The ex-
pression generated with the closest training sea state would be used to predict each
sea state not belonging to the training subset. Note that more complex methods
might be applied, such as a combination of the expressions of multiple selected sea
states. The proposal of applying data-driven selection methods for the training sea
states, along with parametric studies of the optimal number of groups to consider
is left for future works recommendations.

Finally, since this work is focused on the fatigue analysis of flexible pipe’s tensile
armor wires, it is useful to define a fatigue analysis methodology, that will be useful
to analyse case-studies results. This means that results will not only be assessed
by comparison between FEM and Symbolic Regression time-series, but also on the
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comparison between the fatigue damage computed considering FEM results and
the fatigue damage computed considering Symbolic Regression results. This fatigue
methodology is described in the next section.

4.3 Fatigue Analysis - Simplified Methodology

The standard practice to obtain the fatigue damage is to perform the so-called local
analysis, which consists in computing the stresses time-series, performing some type
of cycle counting and finally calculating the damage. VIGNOLES (2002) proposes
a simplified analytical model to compute the local stresses in tensile armor wires.
This simplified methodology is used in the scope of this work, considering that the
time-series prediction is the main focus and the stress/damage calculations are only
auxiliary calculations, used to evaluate the performance of the Symbolic Regression
model not only on the capability to predict axial tension and curvatures time-series,
but also the impact the predictions will have on the fatigue damage.

After performing the stress calculation as per VIGNOLES (2002), the stress time-
series are available and Rainflow algorithm (ASTM, 2011) can be used to identify
the medium and alternate stress for each stress cycle. From the mean and alternate
stresses, along with corresponding number of cycles, the short-term fatigue damage
is calculated based on an S-N curve and Miner’s rule, as proposed by DOWLING
(2002). In the scope of this work, the S-N curve is described by m = 3.5 and
log(K) = 13.63.

After the short-term fatigue damage calculation, the annual fatigue damage can
be obtained with the full long-term fatigue damage integral, Equation (2.14). In
this work this equation was solved by means of using a Gauss-Hermite quadra-
ture in a transformed standard Gaussian domain (the details are skipped here, see
VAILLANT (2024)). Note that the short-term fatigue damage was computed (for
comparison purposes) for all 44 sea states presented in Figure 4.2, considering the
19 sea states on the contour and the 25 sea states defined considering the Gauss-
Hermite quadrature. The annual fatigue damage, however, is computed taking into
account only the 25 sea states chosen considering the Gauss-Hermite quadrature to
solve long-term fatigue damage integral defined by Equation (2.14).

4.4 Predictions Along the Riser Length

Once the methodology for performing predictions of axial tension and curvature
time-series is established, the methodology can be extended for other locations (ab-
scissas) along the riser length, in the direction of the touch down zone (TDZ).
Arc-lengths of particular interest are typically the top region (bending stiffener),
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end-fitting locations, SAG-HOG region (for lazy wave configuration) and the TDZ.
Since only the prescribed movements on the top node can be easily calculated with
the help of vessel motions Response Amplitude Operators (RAOs), it is necessary
to adjust the formulation proposed in Equation (4.1). Considering that s represents
the abscissa being analyzed, Fs=0m and Fs=1m would be the axial tension occurring
at abscissas with zero and one meter, respectively. Equation (4.1) could therefore
be rewritten as follows (considering only the axial tension equation, for the sake of
simplicity):

Fs=1m(t) = f ′(F̂s=0m(t),x(t),Rx(t),x(t− 1),Rx(t− 1), ...
)

(4.8)

where F̂s=0m(t) is the predicted axial tension obtained with the Symbolic Regression
model for the top node and f ′(.) is the analytical function to be obtained with
TURINGBOT (2024). Equation (4.8) can be generalized as:

Fs=N(t) = f ′(F̂s=(N−1)(t),x(t),Rx(t), ...
)

(4.9)

where N represents the current abscissa position and N − 1 the previous calculated
abscissa position. In other words, the results of a previous node is always used to
help the prediction of a lower one.
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Chapter 5

Case Studies

This section presents the case studies performed to test and validate the methodology
proposed in Chapter 4. First the two cases studies are presented, along with the FEM
results that will serve as reference. With this input data defined, the next sections
detail the results obtained with the implementation of the proposed methodology,
in comparison to the FEM.

5.1 Case Studies Definition and FEM Reference Re-

sults

5.1.1 Riser Systems Definition

Two case studies were performed, both being flexible riser systems under two differ-
ent configurations: free-hanging and lazy wave. The maximum water depth for
each case study is presented in Table 5.1.

Table 5.1: Case studies maximum water depths

Free-hanging Lazy wave

Maximum water depth 2130 m 2120 m

Table 5.2 presents some of the main properties of both risers. The systems were
modeled using DEEPLINES (2024) software and the configurations after the static
analysis was run can be seen in Figures 5.1 and 5.2.
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Table 5.2: Cases studies riser properties

Riser section Properties Free-hanging Lazy wave

Top section

OD (mm) 316.72 347.32
ID (mm) 152.4 152.4

Bending stiffness (N.m2) 1.2418× 105 1.2054× 105

Linear weight (kg/m) 209.2 287.6
Axial stiffness (N) 1.7× 109 2.14× 109

Torsional stiffness (N.m2/rad) 5.88× 106 9.13× 106

Intermediate section

OD (mm) 366.14 287.34
ID (mm) 152.4 152.4

Bending stiffness (N.m2) 1.9978× 105 5.312× 104

Linear weight (kg/m) 187.95825 180.81
Axial stiffness (N) 9.97× 108 8.01× 108

Torsional stiffness (N.m2/rad) 3.05× 106 4.45× 106

Bottom section

OD (mm) 376.26 284.14
ID (mm) 152.4 152.4

Bending stiffness (N.m2) 1.5058× 105 5.127× 104

Linear weight (kg/m) 184.7 171.9
Axial stiffness (N) 5.01× 108 5.6× 108

Torsional stiffness (N.m2/rad) 4.03× 106 5.03× 106

Figure 5.1: Free-hanging configuration
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Figure 5.2: Lazy wave configuration

The main assumptions made in the FEM model are summarized in Table 5.3.

Table 5.3: FEM model assumptions

FPSO heading 170° (anti-clockwise, wrt North)
Wave spectrum Pierson–Moskowitz
Wave heading 315° (anti-clockwise, wrt North)
Seeds Different for each sea states
Current profile Triangular
Current velocity 1.2 m/s @ surface and 0 m/s @ seabed
Current direction North
Bending stiffener modelling Linear Stiffness

Figures 5.3 and 5.4 show a top view of both riser systems, showing the risers
azimuths, the risers connection points and the FPSO.
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Figure 5.3: Free-hanging riser top view

Figure 5.4: Lazy wave riser top view

The abscissas considered for each case study are presented in Table 5.4.
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Table 5.4: Abscissas considered for the case studies

Region Free-hanging abscissas (m) Lazy wave abscissas (m)

Bending Stiffener

0.0 0.0

1.8 1.6

3.3 2.8

3rd End fitting 690.9 171.1

5th End fitting 1671.5 791.7

SAG - 1222.1

HOG - 1423.1

TDZ

2150.3 2868.4

2280.3 2913.4

2330.3 2958.4

5.1.2 Environmental Contour Used

The model most commonly used to represent the Hs − Tp joint probability dis-
tribution for a specific wave incidence direction is provided by (MATHISEN and
BITNER-GREGERSEN, 1990):

fHs,Tp(h, t) = fHs(h) · fTp|Hs(t, h) (5.1)

where fHs(h) represents the marginal probability density function of Hs, and
fTp|Hs(t|h) denotes the probability density function of Tp conditioned on the val-
ues of Hs. This modeling method is the so-called Conditional Modeling Approach
(abbreviated as CMA), and the fitting procedure must be performed separately for
each wave incidence direction.

DNV RP C205 (2000) suggests using the 3-Parameter Weibull distribution for
the marginal probability distribution of Hs and the Log-normal distribution for
the conditional distribution of Tp given Hs, with parameters dependent on Hs as
described by the following equations:

fHs(h) =
λh

αλh
h

(h− εh)
λh−1 exp

[
−
(
h− εh
αh

)λh

]
(5.2)

fTp|Hs(t, h) =
1√

2πtξt(h)
exp

[
−1

2

(
ln(t)− λt(h)

ξt(h)

)2
]

(5.3)
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where:

λt(h) = E[ln(Tp)] = a1 + a2h
a3 (5.4)

ξt(h) = StDev[ln(Tp)] = b1 + b2 exp(hb3) (5.5)

The coefficients λh, αh, εh, ai, bi, i = 1, 2, 3 are estimated from actual data. The
parameters considered in this work are presented below:

λh = 2.1 , αh =2.55 , εh = 0

a1 = 1.05 , b1 = 0.005

a2 = 0.95 , b2 = 0.12

a3 = 0.25 , b3 = −0.05

(5.6)

The environmental contour is finally obtained with the Rosenblatt transforma-
tion, that takes the Hs and Tp variables into independent standard Gaussian vari-
ables, as defined in WINTERSTEIN et al. (1993).

As previously described in Chapter 4, the discretization of the environmental
contour into sea states was performed arbitrarily, choosing the points along the con-
tour prioritizing the region with larger Hs, since they tend to lead to higher fatigue
damages, which is the final variable of interest of this study. The sea states cho-
sen inside the contour considered the Gauss-Hermite quadrature, with the following
associated weights:

w =


0.011257

0.22208

0.53333

0.22208

0.011257

 (5.7)

The sea states used in the case studies of this work are presented in Figure 4.2
and Tables 5.5 and 5.6, where the sea state number, Hs and Tp are shown.
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Table 5.5: Sea states on the contour

SS number Hs (m) Tp (s)

1 8.517 20.480
2 8.314 22.228
3 7.664 23.725
4 6.855 14.405
5 7.546 15.941
6 8.253 18.212
7 6.016 24.839
8 5.066 24.728
9 4.047 24.099
10 3.017 22.859
11 2.050 20.967
12 1.029 17.686
13 1.029 6.260
14 2.050 7.566
15 3.017 8.740
16 4.047 10.033
17 5.066 11.423
18 6.016 12.890
19 6.855 24.529

Table 5.6: Sea states inside the contour

SS number Hs (m) Tp (s)

20 0.136 5.049
21 0.817 7.074
22 2.141 9.239
23 3.895 11.413
24 6.055 13.725
25 0.136 6.084
26 0.817 8.473
27 2.141 10.944
28 3.895 13.337
29 6.055 15.797
30 0.136 7.200
31 0.817 9.972
32 2.141 12.753
33 3.895 15.351
34 6.055 17.935
35 0.136 8.520
36 0.817 11.737
37 2.141 14.861
38 3.895 17.670
39 6.055 20.363
40 0.136 10.266
41 0.817 14.058
42 2.141 17.603
43 3.895 20.649
44 6.055 23.438
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5.1.3 FEM Results: Efforts Time-series, Stresses and Fatigue

Damage

The finite element simulation was run and the effective axial tension and curvature
time-series were extracted. An example is presented in Figure 5.5, with one effective
axial tension and two curvature signals, for the free-hanging configuration.

Figure 5.5: Free-hanging - Sea state 1 - Effective axial tension and Curvature time-
series @ 0.0m - by FEM model

For each abscissa defined in Table 5.4, the effective axial tension and curvature
time-series were used to perform the stress calculations as per VIGNOLES (2002),
as described in Chapter 4. The output of such analysis are multiple stress time-series
for each abscissa being analyzed: the pipe section is divided in 8 meridians and for
each meridian 4 corners of the tensile armor wire are analyzed. This procedure is
repeated for the inner and outer armor layers.

Then, from the stress time-series, the fatigue damage can be computed. Figures
5.6 and 5.7 present the short-term fatigue damage at the top abscissa for each sea
state of both case studies. The fatigue damage presented is the one occurring at the
critical corner, i.e., the most damaged corner of the most damaged meridian. All
results presented in this work consider prior knowledge of the critical corner.
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Figure 5.6: Free-hanging - FEM: Short-term damage @ Critical corner - 0.0m

Figure 5.7: Lazy wave - FEM: Short-term damage @ Critical corner - 0.0m
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Finally, with all the short-term fatigue damages computed, it is possible to cal-
culate the annual damage and associated fatigue life. The FEM annual damage and
fatigue life for the top abscissa of the free-hanging and lazy wave case studies are
presented in Table 5.7.

Table 5.7: Cumulated damage

Case study Fatigue damage Fatigue life (years)

Free-hanging 0.001444 692.48

Lazy wave 6.6166e-06 1.5114e+05

The workflow presented in this section used the top abscissa (0.0m) as an ex-
ample, but it was performed for all the other abscissas along the flexible riser, for
both case studies. The data generated (effective axial tension and curvature time-
series, stress time-series, short-term damages and annual damages) is the reference
for assessing the proposed methodology for fatigue damage prediction.

The next sections compare in detail this FEM reference to the results obtained
via the proposed methodology.

5.2 Fatigue Damage Prediction by Symbolic Re-

gression - Top Abscissa

5.2.1 Time-series Prediction

As described in Chapter 4, the first step to predict the fatigue damage is to predict
the effective axial tension and curvature time-series. This section presents some
examples of predicted data. The metric chosen to assess the fit of the predicted to
the FEM values is the R-squared (Equation (4.7)). Figures 5.8 and 5.9 present the
predictions obtained for the top abscissa of both case studies, for sea state 1.
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Figure 5.8: Free-hanging - Sea state 1 - F, C1, C2 time-series predictions @ 0.0m

Figure 5.9: Lazy Wave - Sea state 1 - F, C1, C2 time-series predictions @ 0.0m

The analytical expressions obtained with TURINGBOT (2024) software can be
quite long an complex, and for the sake of readability of this work, have been set
aside to the Appendix. The equations associated with sea state 1 and the top
abscissa are presented as an example.

Please note that, to simplify notation, F (t) = Ft, d/dt[x(t)] = ẋt and x(t−j∆t) =

xt−j. The time-dependent rotation in z component, for example, has its notation
simplified as per rotz(t) = Rzt. Then, the equations obtained are:
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Free-hanging:

F (t) = {z̈t−2 − 1.20794× [(0.165279 + 0.0313816× ÿt × z̈t−1)×

(0.0479753− ẍt) + z̈t − z̈t−2]} × σF + µF

(5.8)

C1(t) = {0.0246702×[−0.945128× R̈yt−1 × R̈yt + 0.999053 + zt−2 + R̈zt−2]−

[Rzt−2 − 0.128837× (Ryt +Rzt−2) + 0.775544×Rxt]} × σC1 + µC1

(5.9)

C2(t) = {−0.0384889×[z̈t + ((3.01838 + ẍt +Rzt)× R̈zt + R̈yt × ÿt)]+

[0.642419× yt − 0.570601× (R̈xt−1 − 0.0662871)]} × σC2 + µC2

(5.10)
Lazy wave:

F (t) = {−0.0499029×[R̈yt + 4.40819 + ((4.00332 + ẍt)×

(−1.1781 + (0.0927659× ((R̈xt−2 + xt)× R̈zt)− ÿt)− R̈yt−2))]+

(−0.490572− 0.119827× yt)×Rzt+

0.0815979 + 0.838207× R̈xt + R̈xt−2+

z̈t−2 − 1.17648×Ryt + 1.19114×Ryt−2} × σF + µF

(5.11)

C1(t) = {0.18853×xt + 0.0288103 + zt−1 − zt−2−

[(0.944092 + 0.0303842× z̈t)×Rxt]} × σC1 + µC1

(5.12)

C2(t) = {−0.105924×[−0.179681× (R̈zt − xt) + yt−2 + 1.42638× R̈yt]−

Rxt−1 +Rxt−2 + 0.832424× R̈xt} × σC2 + µC2

(5.13)

where µ and σ represent the mean and standard deviation of the chosen parameter,
respectively.

The procedure described in this section could be performed for each sea state of
the top abscissa. However, as previously presented in Chapter 4, a subset of all the
sea states could, if chosen wisely, be used to train the model and generate equations
that could also be used to predict effective axial tension and curvature time-series
for the remaining sea states, not yet seen by the model. The next section presents
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the results obtained with such technique.

5.2.2 Time-series Prediction For “Neighboring” Sea states

This section present the results obtained when predicting time-series for “neighbor-
ing” sea states, which consists in selecting a subset of all the sea states that will
be used train the model, i.e., to generate the analytical equations to predict the
effective axial tension and curvature time-series. The resulting equations are used
to predict the riser responses for the selected sea states, as well as the remaining
ones, not selected.

The forty-four sea states were divided in three groups, denoted low, medium
and high, aggregating sea states with low, medium and high Tp, respectively. For
each group, a training sea state had to be chosen. For the low and medium groups,
the selection was performed arbitrarily, so that the remaining sea states of the group
would be evenly distributed around the training sea state. For the high group, the
sea state chosen was the one with highest Hs, considering that it would probably
lead to the highest fatigue damages. The three groups and its training sea states
are presented in Figure 4.3.

Once the training sea states were chosen, the methodology described in Chapter
4 was performed and the analytical equations were obtained. For each group, the
effective axial tension and curvature analytical expressions were used to sample
the effective axial tension and curvature time-series, for all the sea states. The
comparison between the FEM time-series and the sample time-series is performed
by calculation the R-squared (R2) between the two series, for each sea state.

Figure 5.10 presents the results for effective axial tension time-series and Figure
5.11 for the curvature time-series, for the top abscissa of the free-hanging configu-
ration.
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Figure 5.10: R2 between FEM and SR, axial tension time-series - Free-hanging @
0.0m

Figure 5.11: R2 between FEM and SR, curvature time-series - Free-hanging @ 0.0m

Table 5.8 shows the effect of performing predictions for “neighbouring” sea states
instead of training and predicting each individual sea state separately, for the top
abscissa of the free-hanging configuration. The columns F , C1 and C2 present the R2

between FEM and predicted time-series, for each variable, considering the training
of each sea state separately. The columns F ′, C ′

1 and C ′
2 present the R2 between

FEM and predicted time-series, for each variable, considering the equation obtained
using the chosen training sea state for each group, i.e., 31, 33 and 1 for low, medium
and high groups, respectively.
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Table 5.8: Effective axial tension and curvature time-series predictions R2, top ab-
scissa of free-hanging configuration

# SS Group F F ′ C1 C ′
1 C2 C ′

2

1 high 0.950 0.950 0.995 0.995 0.999 0.999
2 high 0.969 0.967 0.996 0.994 0.999 0.998
3 high 0.993 0.990 0.997 0.964 0.999 0.987
4 med. 0.998 0.985 0.991 0.978 0.998 0.992
5 med. 0.996 0.978 0.993 0.977 0.998 0.997
6 high 0.990 0.982 0.996 0.991 0.998 0.992
7 high 0.993 0.989 0.997 0.994 0.999 0.982
8 high 0.998 0.984 0.998 0.982 0.999 0.989
9 high 0.997 0.976 0.998 0.977 0.999 0.990
10 high 0.997 0.952 0.998 0.993 0.999 0.971
11 med. 0.999 0.996 0.997 0.933 0.999 0.933
12 med. 0.999 0.990 0.997 0.992 0.999 0.984
13 low 0.993 0.973 0.774 0.170 0.932 0.397
14 low 0.998 0.989 0.926 0.831 0.975 0.849
15 low 0.998 0.994 0.979 0.966 0.992 0.978
16 low 0.998 0.990 0.986 0.989 0.996 0.995
17 med. 0.998 0.994 0.989 0.901 0.997 0.810
18 med. 0.997 0.991 0.989 0.942 0.998 0.969
19 high 0.995 0.990 0.997 0.981 0.999 0.982
20 low 0.992 0.941 0.404 -0.557 0.899 0.109
21 low 0.996 0.983 0.893 0.716 0.954 0.750
22 low 0.998 0.996 0.985 0.981 0.992 0.990
23 low 0.998 0.982 0.993 0.953 0.997 0.982
24 med. 0.997 0.990 0.995 0.973 0.998 0.988
25 low 0.994 0.973 0.733 0.012 0.910 0.340
26 low 0.998 0.994 0.978 0.949 0.990 0.970
27 low 0.999 0.995 0.990 0.976 0.997 0.989
28 med. 0.998 0.994 0.994 0.977 0.998 0.884
29 med. 0.997 0.986 0.997 0.992 0.999 0.996
30 low 0.997 0.986 0.918 0.775 0.965 0.815
31 low 0.998 0.998 0.992 0.992 0.996 0.996
32 low 0.998 0.992 0.994 0.886 0.999 0.945
33 med. 0.998 0.998 0.996 0.996 0.999 0.999
34 med. 0.996 0.979 0.995 0.947 0.999 0.960
35 low 0.998 0.988 0.978 0.925 0.989 0.955
36 low 0.999 0.998 0.995 0.955 0.998 0.977
37 med. 0.999 0.993 0.994 0.995 0.999 0.998
38 med. 0.998 0.983 0.996 0.991 0.999 0.942
39 high 0.995 0.985 0.998 0.995 0.999 0.997
40 low 0.999 0.997 0.989 0.989 0.996 0.996
41 med. 0.999 0.974 0.996 0.979 0.999 0.994
42 med. 0.999 0.997 0.997 0.987 0.999 0.989
43 high 0.998 0.966 0.997 0.990 0.999 0.999
44 high 0.996 0.985 0.997 0.994 0.999 0.992
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It is noticeable that the values of F and F ′; C1 and C ′
1; C2 and C ′

2 are indeed
identical for sea states 1, 31 and 33 (marked in blue), as expected since these are
the sea states chosen for training. For the remaining sea states, it can be observed
that the R2 when training each sea state separately is not significantly bigger than
the R2 obtained with one single training per group, especially for the medium and
high groups:

• Effective axial tension time-series: R2 > 0.94 for all sea states, and
R2 > 0.95 for the absolute majority.

• Curvature time-series: R2 > 0.9 for almost all sea states in medium and
high groups, with poorer performance in the low group, with R2 as low as
-0.557 for the worst case.

For the low group the performance is not as good, but this might not impact
the final variable of interest: the fatigue damage estimation. The sea states with
the lowest Hs and Tp will certainly lead to the lowest fatigue damages, contributing
very little to the final damage. The prediction errors for these sea states can be
neglected, as the analysis of the fatigue damage predictions in future sections will
show. This data gives some confidence that it is not necessary to perform individual
training for each sea state, and the grouping strategy can be applied.

5.2.3 Short-term Damage Prediction

After the effective axial tension and curvature time-series are predicted for all the sea
states, it is possible to compute the short-term fatigue damages. The fatigue damage
calculation is yielding multiple fatigue damage values, depending on the meridian
and corner being analyzed. The results in this section consider prior knowledge of
most damaging meridian and corner.

Figure 5.12 shows predicted vs. FEM damage for each sea state of both case
studies, for the top abscissa.
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Figure 5.12: Short-term damage @ top abscissa

5.2.4 Annual Fatigue Damage Prediction

Finally, the predicted annual fatigue damage can be compared to that estimated
from full FEM simulations, previously computed. Table 5.9 shows that for both
case studies the predicted value is slightly non-conservative when compared to the
FEM value, but the error is at least one order of magnitude smaller than the variable
of interest.

Table 5.9: Annual fatigue damage @ top abscissa

Case study
Annual fatigue damage Fatigue life (years)

FEM SR FEM SR

Free-hanging 0.001444 0.001275 692.48 784.08

Lazy wave 6.6166e-06 6.0310e-06 1.5114e+05 1.6581e+05

5.3 Fatigue Damage Prediction - Going Down The

Riser

This section presents the results of the proposed methodology applied to the re-
maining abscissas, once the responses for top abscissa are already established. As
previously described in Chapter 4, to obtain results for each subsequent abscissa,
the procedure used is the same detailed for the top abscissa, with the addition of the
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data of the previous abscissa as input. The proposed approach of using the gener-
ated expressions to predict neighboring sea states in the environmental contour (as
described in the previous section) is considered in this section. Although some ex-
amples of time-series predictions are presented early in the section, the main focus is
on the short and long-term fatigue damages results, that give a bigger picture of the
quality of the methodology as a surrogate model to the standard fatigue analysis.

5.3.1 Time-series Prediction - Free-hanging

This section presents some examples of time-series predictions for different riser
abscissas.

Figure 5.13 shows the predictions in the abscissa corresponding to the third end
fitting. It is possible to see that the model is very successful for effective axial
tension time-series prediction, but not for the curvature time-series, in which case
it is only capable of predicting the mean value. However, it is important to notice
that the curvatures are in a order of magnitude of 10−5, which explains the model’s
poor performance. Nevertheless, the prediction of the fatigue damage might still
be sufficiently accurate, given that for such small curvature values, the prediction
errors could have little impact on the final fatigue damage prediction error.

Figure 5.13: Free hanging - Sea state 1 @ 690.9m - 3rd End Fitting

Figures 5.14 and 5.15 present time-series prediction for abscissas corresponding
to the fifth end fitting and a point in the TDZ, respectively. For both cases, the
model is capable of performing good predictions for the effective axial tension and
curvature time-series. Some difficulties are observed in peak values, specially for
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curvature time-series, but overall these errors might not impact the fatigue damage
predictions.

Figure 5.14: Free hanging - Sea state 1 @ 1671.5m - 5th End Fitting

Figure 5.15: Free hanging - Sea state 1 @ 2150.3m - TDZ

5.3.2 Time-series Prediction - Lazy Wave

This sections presents examples of time-series predictions for the lazy wave case
study. The model’s performance is quite good, as it can be observed in Figures 5.16
to 5.19, for the abscissas corresponding to the third end fitting, fifth end fitting,
SAG and HOG.
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Figure 5.16: Lazy wave - Sea state 1 @ 171.7m - 3rd End Fitting

Figure 5.17: Lazy wave - Sea state 1 @ 791.7m - 5th End Fitting
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Figure 5.18: Lazy wave - Sea state 1 @ 1222.1m - SAG

Figure 5.19: Lazy wave - Sea state 1 @ 1423.1m - HOG

Figure 5.20 presents the prediction results for an abscissa in the TDZ. It is
possible to observe that for this case there is a shift between SR prediction and
FEM prediction values for the axial tension, particularly after around 3000s, from
where the model seems to predict well the oscillations in the time-series, but with an
error in the time-series mean value. Again, since this is a region with low effective
axial tensions, the prediction errors will probably not impact the annual fatigue
damage prediction.
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Figure 5.20: Lazy wave - Sea state 1 @ 2868.4m - TDZ
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5.3.3 Short-term Fatigue Damage Prediction

This section presents the short-term fatigue damage predictions, for all sea states
and all abscissas considered. These results are shown in Figures 5.21 to 5.24

Figure 5.21: Short-term damage @ top region
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Figure 5.22: Short-term damage @ 3rd and 5th End-fittings

Figure 5.23: Short-term damage @ SAG-HOG
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Figure 5.24: Short-term damage @ TDZ region
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It is possible to see that the short-term damages predictions performance varies
depending on the abscissa considered. The analysis of the annual damage, presented
in the next section, is more relevant to assess the methodology proposed.

5.3.4 Annual Damage Prediction

This section presents the annual damage predictions along the riser length. Fig-
ures 5.25 and 5.26 present the annual damage and fatigue life, respectively, for all
abscissas of both load cases, in comparison to FEM results.

Figure 5.25: FEM vs. SR annual fatigue damage, for all abscissas

Figure 5.26: FEM vs. SR fatigue life, for all abscissas
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Figure 5.27: FEM vs. SR annual fatigue damage along the riser

Figure 5.27 shows that the annual fatigue damage predicted by means of the
Symbolic Regression approach is reasonably similar to that predicted by FEM for
all locations and both risers analyzed. For the free-hanging case, the top region
has the worst performance, and for the lazy wave configuration it is the SAG-HOG
region that presents the larger discrepancies.

Tables 5.10 and 5.11 consolidate the fatigue life data for both load cases.

Table 5.10: FEM vs. SR Fatigue life - Free-hanging configuration

Region Abscissa (m) FEM Fatigue life (yrs) SR Fatigue life (yrs)

Top
0.0 692.47 784.07
1.8 700.81 728.82
3.3 725.13 767.46

3rd EF 690.9 2525.40 2690.01

5th EF 1671.5 26509.58 28533.58

TDZ
2150.3 93014.53 92202.13
2280.3 85736.78 82115.24
2330.3 118292.93 101171.52
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Table 5.11: FEM vs. SR Fatigue life - Lazy wave configuration

Region Abscissa (m) FEM Fatigue life (yrs) SR Fatigue life (yrs)

Top
0.0 1.511× 105 1.658× 105

1.6 1.551× 105 1.514× 105

2.8 1.877× 105 1.847× 105

3rd EF 171.7 4.666× 105 4.686× 105

5th EF 791.7 2.258× 105 1.933× 105

SAG 1222.1 7.276× 105 7.081× 105

HOG 1423.1 2.670× 106 2.723× 106

TDZ
2868.4 1.458× 1010 1.938× 1010

2913.4 1.448× 1010 1.488× 1010

2958.4 8.346× 1010 2.126× 1010

5.4 Computational Time Reduction Estimation

This section presents an estimation of computational time reduction with the ap-
plication of the methodology proposed by this work, described in Chapter 4 and
exemplified in this chapter.

Table 5.12 presents the data for three scenarios, considering analyses with one
(single sea state), 25 (sea states for annual fatigue damage) and 44 (all individual
sea states) sea states. The scenarios with 25 and 44 sea states consider the use of 3
sea states for training, as described in Chapter 4 and exemplified in the case studies
presented in this chapter.

For all scenarios, the assumptions are:

• One full FEM simulation (10800s) takes 22h to complete.

• One short-length FEM simulation (1000s) takes 2.04h to complete.

• The training of the SR model for one sea state takes 20min ∼ 0.33h.

The reduction is computed by:

R =
tFEM − tSR

tFEM

(5.14)

where tFEM corresponds to the computational time spent considering full FEM sim-
ulations and tSR considers the application of the FEM+SR proposed methodology.
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Note that this simplified estimation does not consider parallelization, neither for
FEM calculations, nor for SR training.

Table 5.12: Computational Time Reduction Estimation

Nb. of Training FEM only FEM + SR (hours) CPU Time
sea states sea states (hours) FEM SR Total Reduction (%)

1 1 22 2.04 0.33 2.37 89.2
25 3 550 6.12 1 7.12 98.7
44 3 968 6.12 1 7.12 99.2
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Chapter 6

Conclusions And Future Works

This work proposed a hybrid methodology, combining short FEM simulations with
Symbolic Regression models, to perform axial tension and curvature time-series
predictions in flexible pipes global analyses. Two typical configurations were studied,
free-hanging and lazy wave, focusing on the fatigue analysis of the tensile armor
wires of flexible risers. First the time-series prediction for the riser top node was
performed. The predicted time-series were very accurate when compared to reference
results, and the time spent running FEM simulations was reduced by approximately
89%.

The good performance observed has allowed the use of the analytical equations,
obtained with the Symbolic Regression model trained with one single sea state,
to be used with neighboring sea states inside a pre-defined environmental contour
in order to perform a fatigue analysis of the flexible pipes tensile armors. For
such neighboring sea states, predictions performance was poorer for low energy sea
states, that however did not contribute significantly to the overall fatigue damage.
To confirm this hypothesis, stresses in the armor wires were calculated, Rainflow
counting algorithm was used to obtain mean and alternate stresses, along with
number of cycles. Using an S-N curve and Miner’s rule, the fatigue damage of
each sea state was computed. The annual fatigue damage for that given abscissa
was obtained, by integrating each sea state damage over the environmental contour.
The computational time saved considering this scenario was even greater, since
only 3000s FEM simulations were required, and results from forty-four 10800s FEM
simulations could be predicted.

Finally, to extend even further the methodology, small adjustments were pro-
posed so that the time-series predictions and the fatigue damage calculations could
be performed along the riser, in different arc-lengths near specific areas of inter-
est such as bend stiffener, end-fittings, SAG-HOG and TDZ. The case studies have
shown quite good model performance all along the riser, with top region presenting
the biggest errors for free-hanging study, and the SAG-HOG region for the lazy wave
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one.

6.1 Future Works

The following are left as future works suggestions:

• The development of an algorithm or methodology to perform a data-driven
selection of sea states from the environmental contour to train the SR model.

• The development of parametric studies to determine the optimal number of
training sea states to consider for the FEM model and the optimal short-FEM
simulation length to consider for training.

• The development of a methodology to predict the critical meridian and corner
of the tensile armour wire prior to the application of the methodology proposed
by this work.

• The development of a methodology to automatically determine the critical
abscissa in the TDZ, instead of choosing arbitrary points as performed in this
work.

• The extension of the methodology proposed by this work considering multiple
wave directions scenarios, and/or different environmental conditions, including
bimodal seas.

• The application of the methodology proposed by this work in case studies
with different model assumptions than the ones presented in Chapter 5, and
the update of the methodology accordingly.

73



References

ANGELIS, D., SOFOS, F., KARAKASIDIS, T., 2023, “Artificial Intelligence
in Physical Sciences: Symbolic Regression Trends and Perspectives”,
Archives of Computational Methods in Engineering, v. 30, pp. 3845–3865.

API 17J, 2014, Specification for Unbonded Flexible Pipe. American Petroleum
Institute, Washington, USA.

API 2A WSD, 2000, Recommended practice for planning, designing and construct-
ing fixed offshore platforms working stress design. American Petroleum
Institute, Washington, USA.

API RP 17B, 2014, Recommended Practice for Flexible Pipe. American Petroleum
Institute, Washington, USA.

API RP 2SK, 1996, Recommended Practice for Design and Analysis of Station-
keeping Systems for Floating Structures. American Petroleum Institute,
Washington, USA.

ASTM, 2011, Standard Practices for Cycle Counting in Fatigue Analysis -E1049-
85. American Society of Testing Materials, West Conshohocken, USA.

BARBOSA, F. G. F., 2023, Previsão de Séries Temporais de Esforços em Ris-
ers Flexíveis Durante a Fase de Instalação por Meio de Redes Neu-
rais Convolucionais. M.Sc. dissertation, Programa de Engenharia Civil,
COPPE/UFRJ, Rio de Janeiro, RJ, Brazil.

BRAMEIER, M. F., BANZHAF, W., 2007, Linear Genetic Programming. Boston,
MA, Springer US.

BUREAU VERITAS, 1987, Ciclic Fatigue of Nodes and Welded Joints of Offshore
Units. Bureau Veritas.

CHAKRABARTI, S., 1987, Hydrodynamics of Offshore Structures. Wessex, Eng-
land, Computational Mechanics Publications.

74



CHAVES, V. V., 2015, Artificial Neural Networks Applied to the Analysis of
Flexible Pipes. M.Sc. dissertation, Programa de Engenharia Civil,
COPPE/UFRJ, Rio de Janeiro, RJ, Brazil.

CUSTODIO, A. B., 1999, Modelagem Numérica do Comportamento Axissimétrico
de Cabos Umbilicais Submarinos. M.Sc. dissertation, Programa de En-
genharia Oceânica, COPPE/UFRJ.

DE PINA, A. C., DE PINA, A. A., ALBRECHT, C. H., et al., 2013, “ANN-based
surrogate models for the analysis of mooring lines and risers”, Applied
Ocean Research, v. 41, pp. 76–86.

DEEPLINES, 2024, Principia Deeplines website. Principia. Access on
July 31st 2024: https://www.principia-group.com/blog/product/

produit-deeplines/.

DELAHAYE, D., CHAIMATANAN, S., MONGEAU, M., 2019, “Simulated an-
nealing: From basics to applications”. In: Gendreau, M., Potvin, J.-Y.
(Eds.), Handbook of Metaheuristics, v. 272, International Series in Oper-
ations Research & Management Science (ISOR), Springer, pp. 1–35.ISBN
978–3–319–91085–7.

DNV RP C205, 2000, Environmental conditions and environmental loads. Det
Norske Veritas.

DOWLING, N. E., 2002, Mechanical Behavior of Materials (2nd Edition). Prentice-
Hall.

FERET, J., LEROY, J.-M., ESTRIER, P., 1995, “Calculation of stresses and slips
in flexible armour layers with layers interaction”, Proceedings of the In-
ternational Conference on Offshore Mechanics and Arctic Engineering -
OMAE, v. 5 (Jan), pp. 469–474.

GAO, X., 2022, “The mathematics of the ensemble theory”, Results in Physics,
v. 34, pp. 105230.

GOMES, C. A. P. M., 2017, Finite Element Analysis Of Flexible Pipes: Bending
Combined With Tensile Load. Masters Thesis, Programa de Engenharia
Civil, COPPE/UFRJ.

GONÇALVES, A. A., 2009, Análises Global E Local De Umbilicais Com Tu-
bos de Aço. M.Sc. dissertation, Programa de Engenharia Oceânica,
COPPE/UFRJ.

75

https://www.principia-group.com/blog/product/produit-deeplines/
https://www.principia-group.com/blog/product/produit-deeplines/


GUARIZE, R., MATOS, N., SAGRILO, L., et al., 2007, “Neural networks in the
dynamic response analysis of slender marine structures”, Applied Ocean
Research, v. 29, n. 4, pp. 191–198.

HASSELMANN, K., BARNETT, T., BOUWS, E., et al., 1973, “Measurements
of wind-wave growth and swell decay during the Joint North Sea Wave
Project (JONSWAP)”, Deut. Hydrogr. Z., v. 8 (01), pp. 1–95.

HE, B., LU, Q., YANG, Q., et al., 2022. “Taylor Genetic Programming for Symbolic
Regression”. Available at: <https://arxiv.org/abs/2205.09751>.

JOURNÉE, J., MASSIE, W., 2000, Offshore Hydromechanics. Delft, TU Delft.

KAREGAR, S., 2013, Flexible Riser Global Analysis for Very Shallow Water. M.Sc.
dissertation, Faculty of Science and Technology, University of Stavanger,
Norway.

KIHL, D. P., SARKANI, S., 1999, “Mean stress effects in fatigue of welded steel
joints”, Probabilistic Engineering Mechanics, v. 14, n. 1, pp. 97–104.

KIRKPATRICK, S., GELATT, C. D., VECCHI, M. P., 1983, “Optimization by
Simulated Annealing”, Science, v. 220, n. 4598, pp. 671–680.

KOZA, J. R., 1994, “Genetic programming as a means for programming computers
by natural selection”, Statistics and Computing, v. 4, pp. 87–112.

LODOÑO, T. V., 2013, Análise Teórica-Experimental de Dutos Flexíveis. M.Sc.
dissertation, Programa de Engenharia Civil, COPPE/UFRJ.

MARGHITU, D. B., DIACONESCU, C. I., CIOCIRLAN, B. O., 2001, “3 - Me-
chanics of Materials”. In: Marghitu, D. B. (Ed.), Mechanical Engineer’s
Handbook, Academic Press Series in Engineering, Academic Press, pp.
119–188, San Diego.

MATHISEN, J., BITNER-GREGERSEN, E., 1990, “Joint distributions for sig-
nificant wave height and wave zero-up-crossing period”, Applied Ocean
Research, v. 12, n. 2, pp. 93–103.

MATOS, N. A. F., 2005, Predição de Séries Temporais para Análise Dinâmica de
Estruturas Offshore. M.Sc. dissertation, Programa de Engenharia Civil,
COPPE/UFRJ, Rio de Janeiro, RJ, Brazil.

MBAYE, M., 2006, Implementação de Ferramentas para Análise Local de Linhas
Flexíveis pelo Método dos Elementos Finitos. M.Sc. dissertation, Pro-
grama de Engenharia Civil, COPPE/UFRJ.

76

https://arxiv.org/abs/2205.09751


MILLER, J. F., 2011, “Cartesian Genetic Programming”. In: Miller, J. F. (Ed.),
Cartesian Genetic Programming, pp. 17–34, Berlin, Heidelberg, Springer
Berlin Heidelberg.

MINER, M. A., 1945, “Cumulative Damage in Fatigue”, Journal of Applied Me-
chanics, v. 12, n. 3, pp. A159–A164.

MONSALVE-GIRALDO, J. S., DANTAS, S., C. M., et al., 2016, “Probabilis-
tic fatigue analysis of marine structures using the univariate dimension-
reduction method”, Marine Structures, v. 50, pp. 189–204.

MORISON, J., JOHNSON, J., SCHAAF, S., 1950, “The Force Exerted by Sur-
face Waves on Piles”, Journal of Petroleum Technology, v. 2, n. 05 (05),
pp. 149–154.

NAESS, A., MOAN, T., 2012, “Stochastic Dynamics of Marine Structures”, Cam-
bridge University Press.

PADILHA, J. A. P., 2009, Análise estrutural de riser flexível com armaduras de
tração em titânio. M.Sc. dissertation, Programa de Engenharia Oceânica,
COPPE/UFRJ.

PASSANO, E., 1994, Efficient analysis of nonlinear slender marine structures.
Dr.Ing. thesis, The Norwegian Institute of Technology, Trondheim, Nor-
way.

PIERSON JR., W. J., MOSKOWITZ, L., 1964, “A proposed spectral form for fully
developed wind seas based on the similarity theory of S. A. Kitaigorodskii”,
Journal of Geophysical Research (1896-1977), v. 69, n. 24, pp. 5181–5190.

RODRIGUES, T. C., 2022, Fatigue Analysis of Flexible Risers Assisted by Recur-
rent Neural Networks. Masters Thesis, Programa de Engenharia Civil,
COPPE/UFRJ.

SAEVIK, S., 1992, On Stresses and Fatigue Flexible Pipes. M.Sc. dissertation,
University of Trondheim, Norway.

SAGRILO, L., SIQUEIRA, M., ELLWANGER, G., et al., 2000, “On the extreme
response of heave-excited flexible risers”, Applied Ocean Research, v. 22,
n. 4, pp. 225–239.

SILVA, V. R. M., 2021, Time-space Modeling of Slender Marine Structures with
Deep Learning Algorithms. Dr.Ing. thesis, Programa de Engenharia Civil,
COPPE/UFRJ, Rio de Janeiro, RJ, Brazil.

77



SUN, L., QI, B., 2011, “Global analysis of a flexible riser”, Journal of Marine
Science and Application, v. 10, pp. 478–484.

TOHME, T., LIU, D., YOUCEF-TOUMI, K., 2023. “GSR: A Generalized Symbolic
Regression Approach”. Available at: <https://arxiv.org/abs/2205.

15569>.

TURINGBOT, 2024, TuringBot Documentation. Available in: <https://

turingbotsoftware.com/documentation.html>.

VAILLANT, A. G., 2024, Métodos Efetivos Para Análises De Fadiga De Risers
Flexíveis Em Mares Bimodais. Ph.D. Thesis, Programa de Engenharia
Civil, COPPE/UFRJ, Rio de Janeiro, RJ.

VAN LAARHOVEN, P. J. M., AARTS, E. H. L., 1987, “Simulated annealing”.
In: Simulated Annealing: Theory and Applications, pp. 7–15, Dordrecht,
Springer Netherlands.

VIGNOLES, M. A., 2002, Análises Determinística e Aleatória no Cálculo da Vida
à Fadiga das Armaduras Metálicas de Risers Flexíveis. M.Sc. dissertation,
Programa de Engenharia Civil, COPPE/UFRJ.

WINTERSTEIN, S. R., UDE, T. C., CORNELL, C. A., et al., 1993, “Environ-
mental parameters for extreme response: inverse FORM with omission
factors”. In: proceedings of the ICOSSAR-93, Innsbruck, Austria.

YANG, H. Z., JIANG, H., YANG, Q., et al., 2015, “Coupled element modeling
scheme for the global dynamic analysis of unbonded flexible risers”, Jour-
nal of Shanghai Jiaotong University (Science), v. 20, pp. 234–242.

ZAKARIA, K. A., ABDULLAH, S., GHAZALI, M., 2016, “A Review of the Load-
ing Sequence Effects on the Fatigue Life Behaviour of Metallic Materials”,
Journal of Engineering Science and Technology Review, v. 9 (10), pp. 189–
200.

78

https://arxiv.org/abs/2205.15569
https://arxiv.org/abs/2205.15569
https://turingbotsoftware.com/documentation.html
https://turingbotsoftware.com/documentation.html


Appendix A

Equations Generated By TuringBot

This appendix presents the equations generated using TURINGBOT (2024). The
conventions used are similar to the ones presented in Chapter 4. An additional
convention is employed here, which is that for axial tension, for example, while
F (t) represents the axial tension for the current abscissa, F ′(t) represents the axial
tension for the previous calculated one.

A.1 Free-hanging configuration

A.1.1 Top region @ 0.0 m

Sea state 1

F (t) = ¨zt−2 − (1.20794× ((0.165279 + 0.0313816× ÿ × ¨zt−1)×

(0.0479753− ẍ) + (z̈ − ¨zt−2)))
(A.1)

C1(t) =0.0246702× ((−0.945128)× ¨Ryt−1 × R̈y + 0.999053 + zt−2+

¨Rzt−2)− (Rzt−2 − (0.128837× (Ry +Rzt−2)) + 0.775544×Rx)
(A.2)

C2(t) =(−0.0384889)× (z̈ + ((3.01838 + ẍ+Rz)× R̈z + R̈y × ÿ))+

(0.642419× y − (0.570601× ( ¨Rxt−1 − 0.0662871)))
(A.3)

Sea state 31

F (t) =(−0.0392341)× (R̈x− ( ¨zt−2 + z + ¨xt−2)) + 1.01767× ¨zt−2 (A.4)
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C1(t) =(−0.99219)× ( ¨Ryt−1 − (0.242378× (ẍ− ((−0.941624)×

(z + ¨Ryt−2 + R̈y − (z̈ − R̈y)− 0.815843× R̈z −Rx))−

(z̈ − ¨zt−1))))

(A.5)

C2(t) =0.236188× (ẍ+ (xt−2 − (0.016672− (−0.844379×Ry))+

(−0.451316× R̈y + z + z̈ − ¨Rzt−1))) + 2.06169×

((−0.183279)× (Ryt−1 + ¨zt−1) + (yt−1 − yt−2))− 0.861533×Rzt−1

(A.6)

Sea state 33

F (t) =0.92628× ¨zt−2 − (0.103272× ( ¨yt−1 + R̈y + (0.109764×

((0.000301643 + R̈y + (ÿ × ((−1.4003)× ( ¨Rzt−2 + z))))× ¨yt−2)−

¨zt−2)))

(A.7)

C1(t) =0.693907× (0.473841× (0.549828× (Ry − 0.778084× R̈y+

1.30674× ẍ+ y)−Rx− 0.90223× z̈))
(A.8)

C2(t) =(−0.00655443)× (x×Rz − (0.208114− (10.7379× ( ¨zt−2 +Ry))+

(25.5408× ( ¨yt−2 + 1.01809× ¨xt−1 + ¨yt−2 − (x+Ryt−1))))) + y−

(1.14886×Rz − 0.453332×Rx+ 0.437726×Ry + yt−1)

(A.9)

A.1.2 Top region @ 1.8 m

Sea state 1

F (t) =(ÿ +Rz +Ry)× ((−6.00094− ( ¨yt−2 + F ′
t−1) + (−1 + (x− ÿ)))×

((z − ( ¨xt−2 − yt−2 +Ry))× 0.00836233× ẍ) + 0.0576535) + F ′−

((−0.00338619)× (23.2777× (0.874962×Rxt−2 + (−0.0762126+

R̈z) + ÿ + 0.000498142 + yt−2 + 0.977515× (0.604141× ( ¨yt−2−

(R̈y − ¨Ryt−2)))) + R̈x− (−1− ¨Rzt−2 × y × ¨xt−1)))

(A.10)

C1(t) =C1′ + (0.0756423× (Rz−

(C1′ − (yt−2 + ((−0.145734)×

(0.982228 + C1′ − 0.500231×Ryt−2)× (y + (0.00110127− z)−

zt−2) + R̈z)))))

(A.11)
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C2(t) = ¨yt−2 − 1.03374× ÿ + ((1.02552− 0.023315× z̈)× C2′) (A.12)

Sea state 31

F (t) =1.00737× F ′ − (0.0230632× (0.831623× y + 5.60094e− 05+

ÿ + ¨Rzt−2))
(A.13)

C1(t) =0.000273986− zt−2 + (z + (0.0525725× (yt−2 + (yt−1 − ¨Rzt−2+

( ¨zt−2 + 0.498378× y − z)) + R̈y − R̈z) + C1′t−1))
(A.14)

C2(t) =0.378382× ((−0.121415)× (−0.00221499− R̈y + (R̈z − (R̈y+

( ¨zt−2 + zt−1 −Rz))))− 0.277754× ẍ+ ¨zt−2) + 1.22732× C2′−

0.330835× 0.504248× ÿ

(A.15)

Sea state 33

F (t) =F ′
t−1 + 0.0166566× R̈x+ (0.119094× (0.46507× (Ry + z̈ + ÿ))) (A.16)

C1(t) =C1′ + (0.0741002× (0.709871× (1.41365× (0.00216408−

Ryt−2))− (−0.000261831− ( ¨zt−2 + 0.548663× yt−2))))
(A.17)

C2(t) =C2′ − (0.204603× (0.925892× C2′t−1 − C2′ − (0.328548×

y + ¨zt−2)))
(A.18)

A.1.3 Top region @ 3.3 m

Sea state 1

F (t) =0.15174× (yt−2 − y) + F ′ (A.19)

C1(t) =C1′ + ((0.0186225×Rx+ (0.329517 + (−0.0994934× C1′)))×

(Rxt−2 −Ry + ( ¨zt−2 − z̈) + ¨zt−2))
(A.20)
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C2(t) =0.0372895× (0.646464× z × (1 + R̈z) + ((−1.18397 + ÿ)×

0.984197×Rz))− (C2′t−1 − (0.0160918 + C2′)) + 0.933155×

C2′ − ((−0.0991367)× ( ¨zt−2 × (0.963911− (C2′ − 0.826818−

1.05774))− (Rxt−1 + R̈z + 1.52765× ÿ)))

(A.21)

Sea state 31

F (t) =(−0.025246)× (y − (z + F ′
t−1 +Rz)) + F ′ (A.22)

C1(t) =ẍ− ( ¨xt−2 + (0.121953× (Rz + R̈x+ ÿ + y − 0.613656× ẍ)))+

¨zt−2 + ((−0.270657)× (zt−2 − z + (R̈y − 0.573804× y + z̈))+

1.46057× C1′)

(A.23)

C2(t) =(−0.0996346)× (R̈y + 0.000812468− (Rx+ 0.502753× R̈z)+

0.000746546 + ¨xt−2 − (z − (0.000667505− ¨zt−2) + ¨yt−2+

(−0.00510579 +Rxt−2 − ÿ + R̈z))−Rzt−2) + C2′ − (0.19076×

(0.544735× (xt−2 − 0.651671× R̈z) + (R̈y − 0.245519× z)))+

¨zt−2

(A.24)

Sea state 33

F (t) =F ′ − ((F ′ − ( ¨yt−1 × (0.915159 + z̈)× (−0.158986 + R̈y−

(0.0942745 + ¨Rxt−2)− ¨xt−2)))× (−0.00872358× R̈y))
(A.25)

C1(t) =C1′ − (0.458453× (Ry − ((−0.0501005)× (1.00168− xt−2)+

Rx) + (0.283146× (Ry + R̈z)− ((1.01841− 0.115189× C1′)×

¨zt−2))))

(A.26)

C2(t) =0.0840896× ((0.182437× ¨Rxt−2 + 0.812451)× z − ((0.119352×

Rz × (0.964184 + ÿ) + 1.09561)× R̈y + 0.858197× ÿ − ( ¨Rxt−2−

R̈x) + (1.33384× (−0.0927712 + C2′t−1)))) + (0.47218+

(−0.0388293× C2′))× ( ¨zt−2 − (C2′t−1 − (C2′ − 0.107461×

x))) + C2′

(A.27)
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A.1.4 3rd End-Fitting @ 690.9 m

Sea state 1

F (t) =0.923851× F ′ + (z + ((−0.00358425)× ((8.49328 + ẍ× 5.1458×

z)× ÿ)− zt−2))
(A.28)

Sea state 31

F (t) =R̈y − R̈z − ((−0.0129072)× ((−0.0142584− (Rx−Rxt−1))×

(Rx− 0.0208934)− (2.95095× R̈x+ ÿ))) + 0.0428003× ( ¨yt−2+

(2.46526× (R̈y + z) + F ′)) + 1.01119× ¨zt−2

(A.29)

Sea state 33

F (t) =F ′ + 2.36228e− 05 + zt−1 − (0.966338− ((−0.00202708)×

(1− F ′)×Rx))× zt−2

(A.30)

A.1.5 5th End-Fitting @ 1671.5 m

Sea state 1

F (t) =1.49923× ((0.0125737× ẍ+ (−0.400745 + (x− xt−2)))× z̈+

(−0.0878349× ¨xt−2 + F ′))
(A.31)

C1(t) =0.303624× (0.21939 + z̈ + (zt−2 + ((0.736258 + y + x+ ẍ)×

(z̈ − ¨zt−2)))) + (10.877 + ÿ)× (z − 1.02624× zt−1)+

(−0.190985×Rx)

(A.32)

C2(t) =(−0.103671)× ((1.25261 + (−0.338287× ¨zt−2 + x+ y))×

(z̈ − ẍ− 0.370702 + ÿ) + 0.649564) + (6.84089 + (ÿ − (Rz +Rx)−

ẍ))× (zt−2 − z − 0.0148938 + (−0.0695339×Ry−

0.0534769× z̈))

(A.33)

Sea state 31

F (t) =0.0408651× (1× z̈ + (0.00330419 + (zt−1 − 0.00577598× R̈z))+

z̈ + (z + 0.47192× y − ¨Rxt−1)) + F ′
t−1

(A.34)

C1(t) =(−0.0573841)× (Rxt−2 + (ÿ × (0.389753× ÿ + R̈x+ R̈x−

(0.151444 + 2.0204× R̈y)))− 0.473721) + R̈y + (0.721546×

((−0.351368)× (0.00580382− ¨zt−1 + (Ry −Rx)) + ¨xt−2))

(A.35)
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C2(t) =(−0.59883)× (0.416828× ẍ+ (−0.726235×Rz)+

(0.307274× ¨zt−2 + ¨yt−2))
(A.36)

Sea state 33

F (t) =0.0764778× (−0.053872 + z̈ − F ′ + 0.175302× ÿ)× (0.612563+

y + (ẍ+ x− ( ¨zt−1 − ¨xt−1))) + z − 0.944468× zt−2 + (−0.0794008×

¨xt−2) + F ′
t−1

(A.37)

C1(t) =(−8.84285e− 05− (ÿ − ¨xt−1)− 0.925831)× (−0.0679622+

Ryt−2 −Rxt−2) + 3.30379× (z + 0.0863314× z̈ − zt−2)+

(0.215706× ẍ− 0.236358×Ry)

(A.38)

C2(t) =(1.25041 + (1.0113− yt−1) + ((ÿ − 0.058921)× (0.464988× ¨yt−1+

(Ry − (9.58952e− 05− C2′t−1 + z))− 0.0262126)− 4.09708))×

(0.0607993× (−0.0053724− ẍ+ ¨yt−2)) + (−0.440425)× (zt−2+

((0.551416× ÿ + (ÿ − ¨zt−2))× (Rx+Rz + 0.085155× ¨xt−1)+

z̈))− 0.630991× ẍ− (−0.00114878− (3.7351× (zt−2 − z)−

(Rx− 0.592623×Ry)))

(A.39)

A.1.6 TDZ @ 2150.3 m

Sea state 1

F (t) =1.13222× F ′
t−1 + (−0.259291× ¨zt−2 − ((−0.00730547)×

((x− ¨yt−1 − z̈)× ¨zt−1)))
(A.40)

C1(t) =0.160586× ((−1.94947− ((−0.322987 + C1′)× ÿ))× C1′−

( ¨Ryt−2 − ¨Rxt−2)) + 0.428983× (Rx+ zt−2 + ¨zt−2)−Ry+

0.862166× ¨xt−2

(A.41)

C2(t) =0.150974× (x− ((−0.266035 + zt−2)× C2′ × ¨zt−2−

(Rxt−1 − 0.611488×Ryt−2)) + (−0.605637 + y)) +Rz +Ry+

((−0.682568)× ( ¨xt−2 + 0.440123×Rx)) + (z̈ + 0.119133×

y − ¨zt−1)

(A.42)
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Sea state 31

F (t) =1.08504× F ′
t−1 − ((−0.0999676)× (R̈x+ 0.633864× x+

(z − R̈y)))
(A.43)

C1(t) =(−0.0834865)× (−1.87563e− 05− z − ẍ+ R̈x− ¨Rzt−2+

0.00588838 + R̈x− ( ¨zt−2 + y − (0.00025723− z)) + ( ¨zt−1×

(Rzt−1 + (−0.576193− (−2.98329e− 05−Ryt−1)))))−

0.000669434 + 0.110951× ( ¨zt−2 − (R̈x+ 0.414142− ((1.22825

+Rz +Ryt−1)× z))) + 0.184867× (1.21334e− 05+

((0.0028904 + y − ((0.0733178 + (−0.0325754× y) + 1.00159)×

yt−2) + 0.911438)× ((−0.292628)× (0.766479 + 1.69857× R̈x)+

¨zt−1)) + 1× z) + 0.0849321× (0.487418×Rx+ (1.99914×

¨zt−2 − 0.444707) + ((−0.000551175− (−0.000113877− ÿ)− ¨yt−2+

Ry +Rz + 2.25424)× z)) + 0.657031× (R̈y − (zt−2 − z))+

1.08734× ÿ

(A.44)

C2(t) =0.129825× (0.57817× xt−2 − ((ẍ× (z − (2.09221× R̈z +Rx))+

xt−1 + ¨xt−1 + 2.58849)× ( ¨zt−2 − z̈))− (ẍ+ y)) + 0.132865×

(0.566522× xt−2 − ((ẍ× (z − (2.15061× R̈z +Rx)) + xt−2+

¨xt−1 + 2.40538 + 0.0999416)× ( ¨zt−2 − z̈))− (ẍ+ y)) + 0.591784×

(0.24927× (R̈x+ (R̈x− z − ( ¨Ryt−1 + R̈y + x+ z + ¨zt−2)))+

R̈z)− ÿ

(A.45)

Sea state 33

F (t) =0.0203434× ((1.02347− y)× (0.679816× F ′ + ¨yt−1 − ((z + x)×

(zt−1 + F ′
t−1 + 0.812173 + y)))) + (0.00259328− (−0.00102256×

¨xt−2))× (x+ (yt−2 + (2.00456× (z + z̈ + ÿ)))) + 0.0208821× (ẍ+

(−((0.108941− zt−1 − y)× (−0.99327 + ((x+ yt−2)× (F ′
t−1+

z)))))) + (1.18495− (−0.00225411× y × (−11.5945× ÿ)))× F ′
t−1−

0.319383× ¨zt−1

(A.46)
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C1(t) =(0.193094− (1.03353× (y − yt−1))− 0.00672908)× (1.17628×

(Ry − ( ¨yt−2 − (−0.0464696 + ((0.968392 + ( ¨xt−2 − ¨xt−1))× ẍ)))−

(zt−2 + (0.899702×Rx− (−0.0466715− 0.993278× yt−2)))))+

0.808243× ¨yt−2 − (0.277079× (y + (x− ((−0.089816)×

((0.48476×Rx− ẍ× C1′t−1)× (ẍ− C1′)))− C1′))+

0.249663×Ry)

(A.47)

C2(t) =0.0630814× (y + (x− ( ¨zt−2 + ( ¨Rxt−2 − ¨Ryt−2))) +Rx−Ry−

(0.717305× ẍ× C2′t−1 × (−0.420643 + x))) + (0.193766−

((0.871116− xt−2)× (y − yt−1)))× (Rxt−1 −Ry + (0.654407× y−

0.857831× ¨zt−2)) + (−0.231347)× (Rx− 0.397605× y × ¨zt−2×

C2′ − y)− 0.704235× ¨yt−2

(A.48)

A.1.7 TDZ @ 2280.3 m

Sea state 1

F (t) =(−1.62344 + (z − 0.973985×Rx+ (−0.999105 + F ′
t−1)))×

(0.0175354× F ′
t−1 × (−0.097464 + z)) + (0.962522×

(0.0218957 + F ′))

(A.49)

C1(t) =(1.03188× (−0.068329 + (−0.0488682 +Rx))−Rxt−1)× (z̈+

(4.15974−Rz)− 1.39994× z) + 0.696519
(A.50)

C2(t) =(4.02416 + 0.608908× z̈)× (0.927994×Rxt−2 −Rx)+

(Rzt−1 −Rz)
(A.51)

Sea state 31

F (t) =F ′ + ((x+ (x+ ((1.13254− z + 0.0606114 + ¨xt−1 + x)× zt−2))−

y − 4.48187)× (7.62031× (0.00129421× (yt−2 − (F ′ − ¨zt−2)))))
(A.52)
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C1(t) =0.0276668× (0.512454× 2.93227× ¨Rzt−1 + 1.40995× ¨yt−2 + (x−

((0.426156 + y)× (−0.496323 + R̈z − 0.327203 +Rx− z))))+

1.30494× (z −Rxt−1)− (0.236987× (−0.82019− (0.272481+

0.300639× y + (2.21208× (R̈z +Ryt−2)))− (−1.0164+

(−0.00220956− ¨zt−1))) + R̈z)

(A.53)

C2(t) =0.0953261× (z̈ + (0.00104091− ¨yt−1))− (0.393021× 0.922293×

zt−1 + (1.10186×Ryt−1 + (z −Rxt−2)− (−0.058809× C2′)))
(A.54)

Sea state 33

F (t) =(−0.508604)× ( ¨zt−1 − (z̈ − (zt−1 − z))) + 0.950553× (F ′+

((−0.00756426)× ((F ′
t−1 × y + 7.46482)× (Rx− z))))−

(−0.0742189× z)

(A.55)

C1(t) =(0.575046 + 1.12718× z − ¨yt−2)× (0.0227072× (1.09652− (Rx+

(3.79926e− 08−Ry)− ÿ − ((−1.9052)× (−1.7253 + (Rz − z̈))×

yt−2)))) + z − (0.527543× ((0.569244×Rx+ z̈)× ((−5.37471)×

((−0.00674574)× ((−9.266 + ẍ− z̈)× z))) + ((−0.291585)×

(0.7283 +Ryt−2 − 0.474474× C1′ + ((y − yt−2)× ( ¨xt−2 − C1′t−1−

0.00259608×Ryt−1))) +Rxt−2)))

(A.56)

C2(t) =(−0.128417)× (0.602279× ((1.21372 + ((yt−2 − y)× (yt−2−

¨zt−1 + (−0.998765 +Rzt−1) + C2′ + 5.71411e− 05 + z)))×

0.851219×Rx+ z̈ +Ry + C2′ − yt−2) +Rzt−1) + (0.398895−

0.0507238× ẍ)× (Rxt−2 + ((0.496584− 0.379299× z)× z̈−

Ryt−2))− (0.105743 + z)

(A.57)

A.1.8 TDZ @ 2230.3 m

Sea state 1

F (t) =0.103891× (Rxt−2 − x)× (0.966224× F ′ + (−0.0748517− F ′
t−1))+

0.917416× F ′ + (x+ 1.01667× y)
(A.58)
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C1(t) =(−0.915987)× (zt−1 × (−0.195277 + (−0.103299− (−0.0559806×

z)))) + 1.19793×Ryt−1 + ((−0.177818)× (z̈ + R̈x))− 1.59078×

Rx+ z

(A.59)

C2(t) =(−0.142279)× (z̈ +Rx− 0.744322×Ry)× (0.00315103−

(2.05281−Rx) + 0.0644643× R̈x) + 0.170753× ((Ryt−2+

(2.21557− (Rxt−1 − 1.60697)))× (0.238787− 0.760885×Ry+

Rx− zt−1)) + ¨Rzt−2 + 3.60997e− 05− ¨Rzt−2 + (−0.0672061)×

((9.13395 + (0.0725406− ¨Rxt−2))× z + (C2′t−1 − (−0.0661764+

1× z̈))− z̈ + (1× ( ¨Ryt−2 − R̈x))) + 1.16086×Rxt−1 −Ryt−1

(A.60)

Sea state 31

F (t) =1.01605× (yt−1 − (0.000746028− 1.00559× x− 0.476897 + (−

0.0133664 + y + 0.16411 + yt−1) + 1.16379 + xt−1))
(A.61)

Sea state 33

F (t) =(−0.0157819)× (ÿ − (0.546347× (−1.6529 + z̈) + ((−0.436173+

F ′)× F ′))) + y − yt−2 + (0.968887× (x− xt−2 + F ′
t−1))

(A.62)

C1(t) =(0.139779 +Rx− zt−2 + ((C1′ + 6.07466)× C1′ + R̈x))×

((−0.0256164)× (0.673669− 0.737497× R̈y + C1′))+

(−0.0188525)× (3.70845 + (Ry + ((−63.7663)× 0.0016305× z̈))+

(C1′ − (1.32871 + 0.998888×Rx)))× (C1′ + 3.2804× z̈)+

(3.05359− (C1′ − 1.31202))× (Ry − (−0.338673× z +Rx))

(A.63)

C2(t) =(−0.0649207 + (0.0264057× (C2′t−1 − ¨Rxt−1 + ¨Rxt−2)))×

(0.331455× ¨xt−1 + C2′t−1 − x) + (1.93376× C2′ + 5.50376)×

(Rx− (−0.058979× z̈) + (−0.301847× z)−Ry)

(A.64)
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A.2 Lazy wave configuration

A.2.1 Top region @ 0.0 m

Sea state 1

F (t) =(−0.0499029)× (R̈y + 4.40819 + ((4.00332 + ẍ)× (−1.1781+

(0.0927659× ((Rxt−2 + x)× R̈z)− ÿ)−Ryt−2))) + (−0.490572−

0.119827× y)×Rz + (0.0815979 + (0.838207× R̈x+Rxt−2) + (

¨zt−2 − (1.17648×Ry − 1.19114×Ryt−2)))

(A.65)

C1(t) =0.18853× x+ (0.0288103 + zt−1 − zt−2)− ((0.944092− (−

0.0303842× z̈))×Rx)
(A.66)

C2(t) =(−0.105924)× ((−0.179681)× (R̈z − x) + yt−2 + 1.42638×

R̈y)− (Rxt−1 −Rxt−2) + 0.832424× R̈x
(A.67)

Sea state 31

F (t) =0.128636× (ÿ − (Rzt−2 − ( ¨Ryt−1 −Rzt−1))) + ¨zt−2 (A.68)

C1(t) =(−0.537954)× (1.21131× z − ( ¨xt−1 − ẍ+ zt−2 −Rzt−2)− (Rz−

(−0.0293647× ¨Rxt−1))) + 0.558462× ( ¨Ryt−2 + (Rzt−2 − ¨Ryt−1))+

0.857269×Ry + (R̈y − (R̈x− ¨Rxt−2))

(A.69)

C2(t) =0.355422× (xt−2 + R̈z − 0.641515× ÿ + (−0.00141051− 0.84743×

Rz + (0.726884× (0.910982× z̈ + z)))) + 0.904633× ÿ−

(0.0342044× ( ¨Rxt−2 − ẍ))− ( ¨Ryt−2 +Rx− (z − zt−2−

( ¨yt−2 − ¨yt−1)) + x)

(A.70)

Sea state 33

F (t) =zt−1 − zt−2 + ¨zt−2 + (1.74069e− 05 + ((−0.0949773)× (0.661902×

R̈y − (1× ÿ − (−0.966922× R̈x) + ẍ− 1.11457× z̈))))
(A.71)
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C1(t) =(−0.0519548)× (2.51304× (−0.0206982−Rzt−2 + ( ¨zt−2 − x)+

R̈x))− (Rxt−1 − (Rxt−2 −Rx))
(A.72)

C2(t) =0.278926× (0.916× ÿ − (Ry −Ryt−2)− (−0.015798− (Rxt−2−

Rx)− R̈x))− 0.765897×Rz
(A.73)

A.2.2 Top region @ 1.6 m

Sea state 1

F (t) =Rzt−1 −Rz + (0.491617× (−0.0705574 + ¨zt−2 + F ′
t−1) + ((

− 0.0405896 + (−0.0328572×Rx))× R̈x))
(A.74)

C1(t) =C1′ + (0.0705062× (0.0918414 +Rxt−2 + 2.94106e− 05+

zt−1 + (( ¨xt−2 + x+ 2.84296 + (−0.976482× ¨Rzt−1 + 1.77642×

z̈))× (0.154644× (−0.948115− 1× (−0.000283614 + x) +−

0.29851 +Rxt−1)))))

(A.75)

C2(t) =(−0.042073)× (R̈x+ x+ z̈ + ¨Rxt−1 +Rxt−2) + (1.02835×

Rzt−2 −Rzt−1) + C2′
(A.76)

Sea state 31

F (t) =F ′ + (0.000415995× (137.986× (F ′ − z̈ + ẍ+ x)−

(−51.7029× y)))
(A.77)

C1(t) =0.885749× C1′ − (Ry −Ryt−1)− (0.105046× (0.750458×

(x+ ¨zt−2) +Rx))
(A.78)

C2(t) =(−0.0244476)× (5.10909× (C2′t−1 + zt−2 + (0.387922×

(R̈y − ¨zt−2)))− (z̈ + ¨yt−1)) + C2′
(A.79)

Sea state 33

F (t) =0.974056× F ′ − (−0.0758772×Rxt−2) (A.80)
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C1(t) =1.08718× ((0.0559073− (−0.0126371× ¨yt−1))× R̈z + C1′)+

((−0.080845)× ( ¨yt−2 + R̈x))
(A.81)

C2(t) =(−0.0744185)× (zt−2 − (C2′ − 0.746029× ¨Rxt−2)) + C2′ (A.82)

A.2.3 Top region @ 2.8 m

Sea state 1

F (t) =0.055463× (yt−2 + ÿ + ((0.431976 + (0.342203× (y + (0.553673×

(R̈y − ẍ)))))× y)) + (0.975225× (−0.0176868 + F ′))
(A.83)

C1(t) =1.0144× C1′ − ((−0.0400373)× (0.866455× yt−2 − 1.05337 + z̈×

z̈ − (0.584609× ẍ+ R̈x)))
(A.84)

C2(t) =(0.111449 + (0.0131169× (−0.368841 + y − C2′)))× (0.862265×

ẍ+ (xt−2 − 0.0904434− 0.0168419)− (ÿ + 0.0755603)+

(1.09155e− 06×Rx+Rz)) + 1.04103× C2′

(A.85)

Sea state 31

F (t) =(−0.0165086)× ( ¨yt−2 − (Rx− 1.73196× zt−2)− xt−2+

¨xt−2) + F ′
(A.86)

C1(t) =(−0.0837971)× (R̈y − (R̈x+ x+ ¨xt−2) + C1′t−1)− (0.235775×

(Rx− (−0.233013×Ry) + z̈)− C1′)
(A.87)

C2(t) =0.352731× (R̈y − ¨Ryt−2 + (z̈ + (2.19297× C2′ + ((−0.236149)×

(R̈z − ( ¨Rzt−1 − R̈z + ¨Rzt−2)− ẍ+ R̈x)))))
(A.88)

Sea state 33

F (t) =(−1.00257)× ((−0.0226779)× (Rx+ y − ( ¨Rzt−2 +Ryt−2)−

(x+ ¨xt−2))− F ′)
(A.89)
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C1(t) =0.18397× ((5.21534 + (0.0775901× (x+Ry)))× C1′)+

(0.970222× ¨yt−1 − ¨yt−2)
(A.90)

C2(t) =C2′ + (0.0669554× (Rz − ÿ + ¨zt−2 +Rxt−2 + ¨zt−1)) (A.91)

A.2.4 3rd End-Fitting @ 171.7 m

Sea state 1

F (t) =F ′
t−1 − (0.00989592× (1.86915 + F ′

t−1 + zt−1 + (F ′
t−1 − ÿ))× (x−

(−0.998572 + y + ((−0.0190474)× (0.0137333− 6.39596×

R̈y)− ¨xt−2))))

(A.92)

Sea state 31

F (t) =0.638533× F ′ + 0.363556× F ′
t−1 (A.93)

Sea state 33

F (t) =0.0217675× (y + (0.781925×Rz − 1.11923×Rxt−2)) + F ′ (A.94)

A.2.5 5th End-Fitting @ 791.7 m

Sea state 1

F (t) =F ′ + (F ′ − ¨zt−2) + (0.00505094− (0.133341× (ẍ+

( ¨yt−1 − ¨xt−1))))
(A.95)

C1(t) =3.21874e− 05− (−0.0708294×Ryt−2 − C1′ − ((−15.7919−

(z̈ + C1′))× (0.00146016× ((1.924− (0.827814 + ¨yt−2))× ẍ−

(xt−1 + ¨yt−1 + C1′ + ¨zt−2 + zt−2)))) + C1′t−1) + 6.26189×

(0.0106881 + z − (zt−2 − (0.0400689× (ÿ −Rz))))

(A.96)
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C2(t) =z − zt−1 + (0.0289211× (C2′ + (Rz + ¨xt−2 − (Rxt−1 + x− (Rz+

¨zt−1 + zt−1))))) + 1.01798× z + (0.014648× (C2′ + ((1.31398+

¨xt−2)× (0.764302 + C2′))− x+ ((2.49771 + 0.621562× ẍ)×

Rz))− zt−1)− (xt−2 − x) + 1.01545× z − 0.0361371−

(0.00159132× ((4.56296e− 09− 1.24817× C2′t−1 −Rz−

1.02239)× ((8.9539− C2′t−1)× (2.08229 + ¨xt−2))) + zt−1)+

1.02442× z − ((C2′ + 2.20015)× (−0.033184×Rz) + (zt−1−

(0.126978× ((Rz −Rx)× (1.40899 + 0.312207× ẍ)− x))))+

Rxt−1 − (0.156764× ((−4.53971)× (0.227264× x− z̈))+

(0.336484×Rx− (0.330725× (−0.551179× C2′)))− ( ¨yt−2×

(1.19559 + (−0.0974095× ¨zt−2))))

(A.97)

Sea state 31

F (t) =1× z − 0.960506× zt−1 + 0.985189× F ′
t−1 (A.98)

Sea state 33

F (t) =0.955819× F ′ − (0.988425× ¨zt−1 − F ′) (A.99)

C1(t) =0.0153018× (1.42972 + x)× (0.224956× y − (2.05213− (yt−2−

zt−2)) + x− (zt−1 + ÿ)) + 0.0266013× ((z̈ − ÿ + (0.546999× x+

1.03679))× (ẍ+ (−1.98361 + x))− (−0.370514 + z))+

(−0.0387195)× (zt−2 − (1.32289× (ẍ− ((z̈ + zt−2)× (1.01552−

¨xt−2))))− (−1.33672 + xt−2 + (C1′t−1 − z̈))) + 0.01313× ((x+

ẍ)× (ẍ− z + x)− (ÿ + zt−2 + 2.72082)) + 0.50443×Ry−

(0.681519× yt−2 − z)− (0.76075× (−0.232561− ¨yt−1))

(A.100)

C2(t) =0.79279×Rx− (0.000571177− ¨yt−2 − (0.205648× (−1.29384×

ÿ + ẍ)) + (0.814632× zt−2 − z))
(A.101)
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A.2.6 SAG @ 1222.1 m

Sea state 1

F (t) =(0.995707× xt−2 − (0.0101682 + x))× (−1.04645 + ẍ−

0.0129697 + (5.38953e− 05− ( ¨zt−2 + zt−2))− z̈ + 2.3954× F ′
t−1)+

(ÿ − ¨yt−2)× (0.33441× (1.67055− ẍ− (F ′ × (z −Rx))))+

1.21888× F ′
t−1 − ((0.505969− 0.0408135× ¨xt−2)× ((−0.04051)×

(1.20934× z + F ′
t−1 × ¨yt−1 +Rzt−2) + 0.988492× ¨zt−2))

(A.102)

C1(t) =0.0491346× ((0.218708× ẍ+ (0.197037− (z + z̈)))× (1.36033−

((R̈z + z + 2.33364)× C1′) +Rx)) + (−0.0548877)× ((1.01034+

0.000134793 + R̈x+ 1 + (1.11411− x))× ( ¨yt−2 − ÿ) + ¨zt−2+

(−1 + y)) + 0.115323× (0.39997× x+ ((3.07327− C1′t−1)×

(ÿ + zt−1)−Rz)) + (0.668538× C1′ − 0.910872× ¨yt−2)

(A.103)

C2(t) =(−0.212167)× (−0.212953× x+ ((−0.623636− (ÿ − (C2′−

0.771994×Rx)))× (z̈ − (0.312526 + ¨yt−2)))) + (−0.170387)×

(yt−1 + ¨zt−2 + (0.500652× (1 + 1× x+Rxt−1)) + (x− C2′))+

(0.656263× z + ((0.806659 + (ÿ − ¨yt−1))×Rz))

(A.104)

Sea state 31

F (t) =F ′ − (0.918402× z̈ + ¨Ryt−1 + ¨Rxt−1 − 0.902294× F ′) (A.105)

Sea state 33

F (t) =(−0.635054)× (0.282125× (−0.00321434− z)− ((xt−2 − xt−1)×

F ′
t−1)− z̈) + (1.36845× F ′

t−1 − ¨zt−2)
(A.106)

C1(t) =0.829028× z − (0.538435× (Rx− ((−0.397966− (zt−1+

(−1.07804× z)))× (0.764765× yt−2 + ¨zt−2) + 0.101791)))
(A.107)
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C2(t) =(−0.0259234)× (0.07978 + (1 + ¨xt−2 + 1× ¨yt−2)+

((−6.02444e− 05 + 1× yt−1 − z + z̈)× (0.543464× (z − (yt−1+

Rzt−1)) + C2′ + 0.0201901 + z))) + 0.023616× (z × 0.78472×

zt−2 − (1.04929 + (( ¨yt−2 + z)× (Rxt−2 + (Rxt−2 + 1.18408× z̈)+

( ¨zt−1 − (C2′t−1 + C2′)))))) + 0.441545× z − (0.051928× (y+

(0.718198× x+ (Rx+ ¨zt−2 + (−1.66022 +Rx− ((0.670225+

(yt−2 − (Ry +Rzt−1) + z̈))× (−0.930357 +Rz)))))) +Ry)

(A.108)

A.2.7 HOG @ 1423.1 m

Sea state 1

F (t) =(−0.0172128)× ((Rz − (Ry +Rxt−2) + z̈ ×Rxt−1 + 1.34719)×

( ¨Rzt−1 + (0.334207 + (0.102907 + 0.87129× ẍ+ 0.0808028−

¨zt−2 + 0.0954038 + ¨Rxt−1)))− 0.951002) + y − (yt−2−

(−0.0360771× z)) + 0.957404× F ′

(A.109)

C1(t) =0.0279106× ((Ry − C1′ +Rx)× (R̈z + 0.351789 + R̈x+ ÿ))+

0.523345× ((−0.879532)× (1.14013× ÿ − (−0.448687× x−

Rx)− z)−Ry)− z̈

(A.110)

C2(t) =(−0.143815)× (1.1136× y + (ÿ − 0.586112) + ((−0.0294803)×

(0.781277× z − ¨yt−2)× (13.1546×Rxt−2 + (zt−2 − ¨zt−2))))+

(−0.301125)× (Rx+ (Ryt−1 − ẍ)) + (0.67026×Ryt−1−

((−0.0661103)× (z̈ + z)))− ¨zt−2

(A.111)

Sea state 31

F (t) =0.0379313× (1.40764 + 2.63405× F ′
t−1 − (z + ÿ − z̈)) + F ′ (A.112)

Sea state 33

F (t) =(−0.068338)× (z − (z̈ + ÿ)− ¨zt−2 + (−1.09149× ÿ)) + F ′ (A.113)

C1(t) =0.493342× (0.00493006− (Ry + ((−0.650037)× (z̈ + z−

0.09933× xt−1))))− 0.830649× ¨zt−2

(A.114)
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C2(t) =(−0.438064)× (ÿ − ( ¨yt−1 −Rx)− ((−0.0856116)× (x+

((4.36065 +Rx)× (−0.255687− zt−1 − ẍ)− (6.62552e− 05−

z)))) + ¨zt−2 + C2′)

(A.115)

A.2.8 TDZ @ 2868.4 m

Sea state 1

F (t) =(−0.0364043)× (ÿ + ((z − (−1.96593− z))× (0.661394− (Rz−

Rx) + z̈))) + 0.791722× F ′
t−1 + (0.580146× z + ((−0.362413)×

(−2.39386 + x)))

(A.116)

C1(t) =3.29522× (z − 0.926084× zt−2)− (−0.0307285− (0.838445×

((−0.0317432)× (zt−1 + (−1 +Ryt−1 − 1.79904e− 05−Ryt−2−
¨Rzt−2 + (x+Rzt−2 − 5−Ry)) + xt−2) +Ry)))

(A.117)

C2(t) =Rz + (0.0617874× (1× z + ((0.338159− (−0.0348173×

ẍ))× y)))
(A.118)

Sea state 31

F (t) =0.0489021× (0.489672× (y − 0.948359)− (Rzt−1 + ¨Rxt−1 + zt−2+

¨zt−1))× (Ryt−1 −Ry − 3.57085 + 0.648061× x) + 0.852521−

(0.154923× (0.51056× ¨xt−1 − (1.24974× zt−1 + ¨yt−2) + x+

0.768715× x) + 0.0252712 + 0.0647878− 0.959224× F ′
t−1)

(A.119)

Sea state 33

F (t) =1.09095× F ′
t−1 + (zt−1 − (y − x+ 0.680924× z)) + (xt−2 − y) (A.120)

C1(t) =0.806806×Ry − (Rx+Ry + 0.955626× zt−1 − 1.03773× z) (A.121)

C2(t) =(0.00318811×Rxt−1 + 0.851026)× (Rz + 0.00959679× z) (A.122)
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A.2.9 TDZ @ 2913.4 m

Sea state 1

F (t) =(0.571159× x− 0.617763)× (0.357587 +Ry + ((F ′ + 8.78936+

((x−Rxt−2)× z))× (y − x) +Rz)) + y − x+ (−0.0486895× z+

(z − zt−2) + 0.94576× F ′)

(A.123)

C1(t) =(−0.000113072)× (−1358.39× zt−2 × ((−1.24564 + 0.425196×

z)× z) + (0.394095 + ((x− 0.98105− 0.562532)× z̈)))+

(0.406773 + ((−0.00638487)× ( ¨xt−1 +Rxt−1 − ((2 + xt−2)×

y))))× (0.750932 + C1′t−1 + (z × (0.810005− (z − 1.15162−

0.444159))))

(A.124)

C2(t) =(−1.032− (z − x))× (−1.10413 + x)× (1.02731×

(Rz + (0.054785− ( ¨Rxt−1 + ¨Ryt−1)))− C2′) +−0.0275271−

(−0.00284867 + (yt−1 − (0.00176324 + 1× xt−2+

0.000645092)))× ((yt−2 + ¨zt−1)× yt−2 − (zt−2 − (Rxt−2 −Rz−

(C2′ − 5.92224e− 05))))× (y − 1.27438) + 0.0732413− ((C2′−

(1.02735×Rz − (y − x)) + ¨Ryt−1 + ¨Rxt−1)× y) + (Rz−

0.97098× C2′ − (R̈x− (x− y) + R̈y))× y + (1.02837×

Rz − (−0.0224074 + R̈y + R̈x) + 0.0295406−

C2′)× ((−1.92463 + xt−2)× yt−1)

(A.125)

Sea state 31

F (t) =− 0.0098741 + F ′ − (xt−2 − yt−2 + (0.0218103× ((0.731405+

(0.0801029× (1 + (−8.22548e− 05− R̈x− F ′
t−1))))× z)))

(A.126)

Sea state 33

F (t) =(−0.0125091)× (((−0.0858761− (y − x))× (2.61834 + z + z̈+

zt−2 +Rzt−1) + 3.16251)× x− 9.12703 + z + z̈) + F ′−

((1.79841− 0.614429× F ′)× (Rx−Rz)− (Ryt−1 +Rzt−1))

(A.127)
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C1(t) =(−0.0486886)× ((C1′ ×Rzt−1 + 9.64494)× (y − x) + yt−2−

1.49875− 0.11489× z)− (Rz +Ry) + 0.0495765− (Rz+

((Rzt−1 −Rxt−1 + 0.678724)× (1.06094× y − x)) +Ry)+

(0.017218×Ry + 0.733138)× C1′ + ((4.82842− x)× (xt−2−

y)) + 0.455703× z

(A.128)

C2(t) =C2′ + (6.8183× (−0.0192705 +Rzt−2 +Ryt−2 + (1.02027×

y + (−0.000772176− 0.00396559× z)− x)))
(A.129)

A.2.10 TDZ @ 2958.4 m

Sea state 1

F (t) =Ryt−2 + (0.853708 + 0.649656× F ′
t−1) +Rzt−2 (A.130)

C1(t) =(x− y)× (2.80222− y) + (−0.00122852)× ((ÿ − 1.59433)×

(0.506677 + 0.315194× C1′)− (−6.38659)× (−0.938562+

xt−2)× (−3.73701 + x)) + 16.322× (0.00240463+

((0.911614×Rz +Ry + 0.902501)× (x− y))) +−0.467636−

Rz − (0.00621195× x×Rx− 0.0200115× x)

(A.131)

C2(t) =(−0.0184258)× ((1× R̈x+ 0.564355 +Rz)× ¨yt−2 + ¨zt−1+

R̈y ×Rzt−2 + R̈x) +−8.53692e− 05− ((−0.0064813)× (1

×Ryt−2 − 1.1418− (2.11758× (0.0820357× (−0.0471929−

R̈z))) + ((−4.33084e− 05 + x)×−1.01406 + x))× (0.882731+

¨xt−1)) + (−4.2466e− 05− (Rzt−1 × ẍ+ ¨yt−2 + C2′))×

((−0.000458315)× ((−0.868835 + 1.13136× R̈y + 6.67437×

Rz + R̈y)× x+ (−1× ¨yt−2))) + 0.0128878× ẍ+ x−

(−1.39911 + 1.03052× ((0.622542 +−0.0200673× R̈y)×

(0.0957236 +Rz + 0.0169493× R̈z)) + 0.0212351+

0.965803× y − 0.000160601 + 0.999814× yt−1) + 0.887299

(A.132)
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Sea state 31

F (t) =0.224063× (0.0333674× (R̈y × R̈x+ yt−2 + (4.86029 + yt−2 − (x+

(x× F ′ − z + ¨yt−2)))) + (Ryt−2 − (−0.0822828 +Ry)))+

1.03628× F ′ − (1.02165×Ry − R̈x)

(A.133)

C1(t) =1.13439× (−0.00831073 +Ry) (A.134)

Sea state 33

F (t) =− 0.00503277 + x− x (A.135)

C1(t) =0.555145 + (−0.0986131 + 1.18958× x− (0.0527531 + xt−1)−

1.0879)− 0.848447×Rz
(A.136)

C2(t) =− 0.105136× (6.48783 + (−1.01204− (1.93796× C2′t−1×

Ryt−2 + (yt−1 − y × z − (C2′ − (Rxt−1 − C2′))))))×

(−2.71564 + x) + (0.997668 + 0.898558×Rx)

(A.137)
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