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Propriedades de rochas reservatório são frequentemente obtidas a partir de imagens 3D 

da microestrutura da rocha em si. Propriedades de fluídos monofásicos em rochas podem 

ser simuladas com base nessas imagens usando uma rede virtual a partir da rocha que 

contém poros e a matriz sólida própria da rocha. Topologicamente, essas redes devem ser 

comparáveis aos meios porosos estudados reais. Respostas de ressonância magnética 

nuclear (RMN), como o decaimento de relaxação transversal Ὕ, aplicadas na análise de 

rochas, podem ser simuladas usando a técnica de caminhantes aleatórios ou Random 

Walkers. Desde sua primeira implementação, essas técnicas têm sido usadas em modelos 

geométricos de poros e grãos, como o modelo de consolidação de grãos (SCHWARTZ, 

1985). Esses modelos têm sido úteis para examinar incompatibilidades entre as 

distribuições Ὕ reais e as distribuições de tamanhos de poros por porosimetria por 

intrusão de mercúrio (MICP) e aquelas de imagens de microtomografia de raios X (micro-

CT). Sucesso notável foi alcançado, particularmente em amostras complexas de rochas 
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carbonáticas onde as distribuições Ὕ podem representar um tamanho médio de poro entre 

os macroporos e os microporos devido ao fenômeno de acoplamento difusivo. Em 

simulações típicas de Random Walkers, a posição do caminhante ou walker é calculada 

geometricamente em termos de modelos geométricos com poros de geometria euclidiana. 

Atualmente, imagens de micro-CT exigiriam uma etapa intermediária, onde a imagem é 

convertida e aproximada para geometrias euclidianas, como esferas e prismas para 

representar a macroporosidade. Uma abordagem alternativa seria construir um cubo 

binário para simulações 3D (ou quadrado binário para 2D). Nessa abordagem, a posição 

dos walkers é vinculada ao índice do cubo binário, onde 0 representaria macroporos e 1 

representaria grãos microporosos. A comparação entre os resultados dessas duas 

abordagens mostra tempos computacionais semelhantes e o método indexado é mais 

adequado para imagens binárias de micro-CT. Ao longo deste trabalho, um estudo 

progressivo de melhorias na abordagem binária para a simulação do caminhante aleatório 

foi sendo construído e comparações com medições reais foram feitas. 
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Properties from reservoir rocks are frequently obtained from 3D images of rock´s 

microstructure. Single-phase rock properties can be simulated based on these images by 

using a virtual rock network that contains both pores and the rock matrix. Topologically, 

those networks must be comparable to the porous media studied. Nuclear magnetic 

resonance (NMR) responses such as transverse relaxation decay (Ὕ) applied in rock 

analysis can be simulated using the random walk technique. Since their first 

implementation, these techniques have been used on geometric models of pores and 

grains, such as the grain consolidation model (SCHWARTZ, 1985). These models have 

been useful for examining mismatches between the actual Ὕ distributions and the pore 

size distributions from mercury capillary pressure (MICP) and those from X-ray 

microtomography (micro-CT) images. Noticeable success has been achieved, particularly 

in complex carbonate rock samples where the Ὕ distributions may represent an average 

pore size between the macro-pores and the micro-pores due to diffusive coupling. In 
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typical random walk simulations, the position of the walker is calculated geometrically 

in terms of geometric models with Euclidean geometry pores. Currently, micro-CT 

images would require an intermediate step, where the image is converted and 

approximated to Euclidean geometries, such as spheres and prisms, to represent the 

macro-porosity. An alternative approach would be constructing a binary cube for 3D 

simulations (or a square for 2D). In this approach, the position of the walkers is linked to 

the binary cube index where 0 would represent macro-pores and 1 would represent micro-

porous grains. Comparison between the results of these two approaches shows similar 

computational times, and the indexed method is more suitable for binary images from 

micro-CT. Throughout this work, a progressive study of improvements in the binary 

approach for the random walker simulation is being built, and comparisons with real 

measurements are being made. 
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1 Introduction 

Since the beginning of the oil industry's production history, the increase in innovations to 

better understand the existing phenomena in all sectors of the oil production chain has 

been essential for the success of the extraction of this resource. Particularly in the 

simulation of specific characteristics of oil-containing rocks, there have been an infinity 

of studies to understand its storage capacity in depth and in greater detail. 

Aiming to reduce the uncertainties of ordinary simulations, reservoir models must 

resemble reality with a degree of accuracy and precision. The data inputs in these models 

comprise, among others, the storage capacity, especially the rock's porosity. That rock 

property is usually obtained from a special analysis of core or nuclear magnetic resonance 

(NMR) log data, which are often time-consuming and costly. With the use of pore-scale 

models, these types of properties can be predicted and often validated with experimental 

measurements. Compared to conventional laboratory tests, network model-based 

computations of the characteristics of rocks are quick, accurate, and economical. The 

quality and quantity of these features can be improved by using network models to 

forecast the transport characteristics of a wide range of rock types, which can then be 

utilized as input into simulation models for better reservoir description. 

Random walk algorithms have been used to simulate NMR transverse relaxation decay 

(known as Ὕ distributions) in porous media since the early 1990s and these distributions 

are used for porosity characterization. As is well known, there is always and will always 

be one more way to solve a single problem or interpret a phenomenon, just as there is 

always more than one tool, like a programming language tool, through which a simulation 

can be carried out. Given the need for cost reduction, simple usability and time limitation 

in the oil industry, the objective of this project is to create a numerical simulator of NMR 

responses in reservoir rock samples, like sandstones or limestones, using the Random 

Walkers technique based on the python programming language that can be executed on a 

computer as simple as one with 4 GB ram memory. 

1.1 Motivation 

The motivation for the elaboration of this project comes from the need to create more 

practical and low-cost solutions when it comes to simulating NMR responses. Also, there 
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is a need to innovate with a more accessible and intelligible programming language, as 

Python has proven to be. In addition, the simplicity of running the simulation code and 

the accessibility of only needing a basic capacity computer to run like installed RAM of 

8 GB and processor of 2.4GHz. 

 

1.2 Objectives 

Based on the above, the main objective of this work is to use computational techniques 

to simulate NMR data to improve the understanding of how the pore network is composed 

based on binary or trinary synthetic structures, raw echo data for magnetization decay 

curves and the generation of Ὕ distributions to describe qualitatively the porous media 

associated. To this end, the specific objective of building and validating an NMR response 

through an NMR simulated response using Python code for several reservoir rock samples 

is established. 

 

1.3 Thesis organization 

The remainder of this thesis consists of several chapters to break down the advancement 

and development of the simulator. Chapter 2, which deals specifically with the physics 

and petrophysical application of NMR, demonstrates the existing and currently accepted 

concepts in the literature and in the oil and gas industry and how they are part of the basis 

behind this phenomenon of capturing signals emitted by molecules magnetized and their 

emulation by random walkers. In Chapter 3, each one of the initial, intermediate, and final 

phases of the simulator in Python coding is addressed and detailed. Chapter 4 presents 

and discusses all the results that were obtained during all the development phases of the 

simulator. Finally, Chapter 5 highlights the conclusions of the work and the actual 

contributions of this thesis. Additionally, the future development of this research line is 

presented, and some considerations about the contributions are given, as well as suggested 

improvements for the methodology and results from the overall project. 
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2 Literature Review 

2.1 NMR Response Basics 

The NMR is a physical phenomenon inherent to the quantum magnetic characteristics of 

the nuclei of atoms. This phenomenon is identified during the alignment of certain nuclei 

of atoms with the application of a constant magnetic field and later with the perturbation 

of those using an oscillating magnetic field that is orthogonally oriented. The magnetic 

nuclei absorb energy from the magnetic field of a strength specific to the nuclei´s identity. 

That absorption denotes that the inflicted nuclei are in resonance with that field. Distinct 

atoms that compose the fluid molecules will resonate at distinct frequencies depending 

on applied static magnetic field strength. The reaction of these molecules under the effect 

of the oscillating magnetic field is the basis for NMR measurements. Only the nuclei of 

atoms that have the property of spin exhibit certain magnetic properties, such as being 

detectable in nuclear magnetic resonance. 

 

2.2 Spin 

All nuclei have a net magnetic moment and an angular momentum, which is what is called 

a spin (some has spin equal to zero). Spin is a fundamental property that can have 

multiples of ϵ and they can be positive or negative. Particles such as neutrons, electrons, 

or protons have spin, and their values are ϵ. Spin-related phenomena can be eliminated 

by pairing two or more particles with spin. Specifically, in NMR, the unpaired nuclear 

spins are relevant to the study. The spin of the proton generates an intrinsic magnetic 

moment, similar to a tiny magnet. This magnetic moment interacts with external magnetic 

fields, allowing the proton to participate in nuclear magnetic resonance (NMR). The 

behavior of the proton contributes to the NMR signal produced by the nucleus of the 

atom, as the protons (and sometimes other nucleons) align with the external magnetic 

field and resonate at specific frequencies. While the proton's spin is often compared to a 

current loop to explain the generation of its magnetic moment, it is not a literal current 

loop, but this analogy helps in understanding the magnetic properties involved. The 

proton has two poles (north and south) and it is aligned with the spin axis. The nuclei 
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routinely measured are ¹H, known as the most abundant isotope in nature, found in water 

and hydrocarbons. Hydrogen has only one proton and no neutrons. It also has a relatively 

large magnetic moment for a single proton, which contributes to its ability to produce a 

strong NMR signal. This is primarily due to its high natural abundance, making it highly 

sensitive to magnetic fields and easy to detect in many samples. When positioned in a 

constant magnetic field with a constant value of B, a proton with net spin can absorb a 

photon with frequency ’ (PURCELL et al., 1946; BLOCH et al., 1946). This frequency 

’, also called the Larmor frequency, depends on the magnetic field ὄ as well as the 

particle´s gyromagnetic ratio, ‎. The exact value for ‎ of ϋὌ is 42.58 ὓὌᾀȾὝ (HORNAK, 

1997). Its value can be computed using the following relationship: 

 

ʉ  ɾ" [ 2.1 ] 

 

2.3 Spin Packets 

NMR is detectable at the macroscopic level (HORNAK, 1997). In this case, the spin 

packet concept is cited as an ensemble of spins on which the magnetic field acts 

collectively. The magnetic field generated by the spins in each spin packet can be 

represented by a magnetization vector. In turn, the vector sum of all magnetization vectors 

is the net magnetization. Both the external acting magnetic field and this single vector of 

net magnetization at equilibrium are on the z-axis. 

2.4 Polarization 

In NMR, polarization refers to the alignment of nuclear spins in a magnetic field. When 

a sample is placed in a strong external magnetic field, the magnetic moments of the nuclei, 

such as protons, tend to align with or against the field. Most of the nuclei will align with 

the magnetic field, creating a higher population of spins in the lower energy state. This 

difference in population between the higher and lower energy states is known as 

polarization. The degree of polarization is crucial for NMR, as it determines the strength 

of the NMR signal. Higher polarization leads to a stronger signal, making it easier to 

observe the nuclear magnetic resonance transitions. 
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2.5 Longitudinal Relaxation 

At equilibrium, the net magnetization vector lies along the direction of the applied 

magnetic field ὄ. In this configuration, that vector is called the equilibrium 

magnetization ὓ . Therefore, the component in the ὤ direction, ὓ  is equal to ὓ . That 

is, ὓ  is called longitudinal magnetization. For the net magnetization to change, the 

nuclear spin system must be exposed to an energy that has a frequency equal to the energy 

difference between the spin states. If sufficient energy is applied to the system, it is 

feasible to saturate the spin system and make the longitudinal magnetization ὓ  become 

0. The time constant used to explain how ὓᾀ gets back to its equilibrium state is the spin 

lattice relaxation time Ὕ (BLOEMBERGEN et al., 1984). This phenomenon is explained 

by the equation: 

 

ὓ ὓ ρ Ὡ  
[ 2.2 ] 

 

The time needed to diminish the difference between the longitudinal magnetization ὓ  

and the equilibrium value by a factor of Ὡ is called spin-lattice relaxation time. 
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Figure 1 - Net magnetization ὓ  increases in an exponential manner to the initial value 

of ὓ  with the time constant Ὕ during longitudinal relaxation. Image extracted from 

TALABI, 2008 

2.6 Transverse Relaxation 

When analyzed with reference to the ὢὣ plane, the net magnetization will rotate around 

the ὤ axis at a frequency of the photon, also known as the Larmor frequency. The 

additional effect of dephasing also occurs. The net magnetization dephase is due to each 

spin packet experiencing a different magnetic field and rotating at its own Larmor 

frequency. That phase difference will get longer if there is more elapsed time. The time 

constant at which the system returns to equilibrium of the transverse magnetization ὓ  

is the transverse relaxation time, Ὕ. 

 

ὓ ὓ Ὡ  
[ 2.3 ] 
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Figure 2 - Net magnetization ὓ  decreases in an exponential manner to zero from the 

initial value ὓ  with the time constant Ὕ during transverse relaxation. Image extracted 

from TALABI, 2008. 

Ὕ is always greater or equal than Ὕ. Net magnetization in the ὢὣ plane decreases to zero 

while the longitudinal magnetization increases to ὓ  along the z-axis. 

 

2.7 Relaxation Mechanisms 

Longitudinal relaxation and transverse relaxation are caused by three types of 

phenomena: surface relaxation, bulk relaxation and diffusive relaxation. Together, these 

three relaxation mechanisms combine to determine the overall relaxation times in porous 

media, influencing the NMR signal and providing insights into the structure and dynamics 

of the porous material. Understanding these relaxation processes is crucial in applications 

like reservoir characterization, soil science, and materials engineering. 

 

2.7.1 Surface Relaxation 

It is caused due to the typical Brownian motion the fluid molecules exhibit. These 

molecules diffuse at different distances. The equation of diffusion states: 
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ὢ φὈὸ [ 2.4 ] 

The left side of that equation corresponds to the mean squared distance each fluid 

molecule diffuses in time t. Also, in the equation, Ὀ   is the fluid's molecular diffusion 

coefficient. This can be affected by the viscosity or the temperature. Each molecule moves 

randomly within the fluid. Consequently, the protons that form each molecule collide 

with the internal or external pore surface, and then they relax. That affects both 

longitudinal and transverse relaxation. 

The surface relaxivity of the pore affects the rate at which the protons relax when touching 

the internal pore surface. It measures the ability of a surface to relax the magnetization of 

the protons set. For Ὕ relaxation, the surface relaxivity is ” and for the Ὕ relaxation, it 

is ”. Sandstone reservoir rocks typically have higher rates for surface relaxivity when 

compared with carbonates. That characteristic occurs due to the differences in 

mineralogical and textural properties between these types of rocks. Sandstone, being 

composed mainly of quartz and other minerals with rougher and less porous surfaces than 

carbonate rocks, tends to have a larger specific surface area in contact with fluids. 

Carbonate rocks, such as limestone and dolomite, tend to have more complex porosities, 

often exhibiting large cavities or fractures and smoother surfaces, which can result in 

lower surface relaxivity. The relaxation time of protons will be short if their molecules 

are contained in small pores because diffusion is limited by the pore sizes, and it will be 

long in large pores because the protons can travel in more spaces before they relax. 
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Figure 3 - Magnetization decays faster in small pores than in large ones. Image 

extracted from TALABI, 2008. 

Relaxation time is high when a small amount of surface area is free to relax the protons 

population of a large volume of liquid. So, the relaxation rates like  and  are 

dependent on the pore characteristics where the fluid is present like surface-to-volume 

ratio and surface relaxivity of its surface (LOREN AND ROBINSON, 1970; 

BROWNSTEIN AND TARR, 1979). 

 

ρ

Ὕ

”Ὓ

ὠ
 [ 2.5 ] 

 

ρ

Ὕ

”Ὓ

ὠ
 [ 2.6 ] 

The left side of both equations represents the relaxation rates and ὠ is the pore´s volume 

and Ὓ is its surface area. 
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2.7.2 Bulk Relaxation 

This type of relaxation is related to the fluid itself. On the microscopic scale, the 

appearance of this relaxation is due to the internal fluctuations of the magnetic fields 

generated by the random movements of neighboring spins. Therefore, it is independent 

of the properties of the formation where the fluid is contained. Transverse relaxation time 

Ὕ can become closer to longitudinal relaxation time Ὕ when bulk relaxation is 

predominant, but they are typically not equal. For low magnetic fields, such as those used 

in logging tools, Ὕ can be considered equal toὝ. 

 

2.7.3 CPMG and Diffusive Relaxation 

Carr-Purcell-Meiboom-Gill (CPMG) sequence is employed to measure the transverse 

relaxation time of rock samples, providing insights into pore structure and fluid 

distribution. The CPMG sequence, a widely used pulse sequence in Nuclear Magnetic 

Resonance (NMR) analysis, applies a series of 180° refocusing pulses after an initial 90° 

excitation pulse to generate a train of echoes that decay over time. By capturing these 

echoes, the Ὕ relaxation data can be analyzed to infer the distribution of pore sizes and 

fluid properties within the rock. This technique is particularly valuable in reservoir 

characterization, as it helps identify variations in pore structure that are essential for 

understanding fluid flow and storage capacity in reservoir formations. As the main 

measurements for NMR are transverse relaxation measurements, the CPMG sequence is 

suitable for this purpose of diffusive relaxation. This is because any radio frequency pulse 

at the same Larmor frequency causes the net magnetization of the protons to be rotated. 

Basically, that sequence starts with a single pulse that produces a 90° rotation. This 

incident pulse causes the longitudinal magnetization to become transverse. By doing this, 

a precession signal is created that can be detected by the radio-frequency coil 

(MEIBOOM AND GILL , 1958). 

The CPMG sequence is highly effective for NMR measurements because it enhances 

signal clarity and accuracy, particularly when studying transverse relaxation. By using a 

series of 180° refocusing pulses after an initial 90° pulse, it compensates for magnetic 

field inhomogeneities, reducing dephasing and improving signal coherence. This makes 
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it ideal for analyzing complex systems like porous rocks, where magnetic field 

imperfections can otherwise hinder results. Additionally, the CPMG sequence provides 

valuable insights into pore structure and fluid distribution, crucial for reservoir 

characterization and fluid flow analysis, making it an essential tool in geological and 

petroleum studies 

This signal is not persistent; it decays rapidly due to inhomogeneities in the magnetic 

field and the precession of the protons, which causes dephasing of the spins. In the second 

part of the CPMG sequence, a second pulse is responsible for a 180° rotation. This pulse 

causes an inversion of the dephasing and consequently produces a second signal called a 

"spin echo". Each subsequent 180° pulse produces an additional spin echo. This sequence 

of successive spin echo amplitudes is then recorded. This spin echo train is influenced by 

the heterogeneity of the permanent magnetic field when there is diffusion of the protons. 

That relaxation rate due to diffusion in magnetic field gradients (KLEINGBERG AND 

VINEGAR, 1996) can be expressed by: 

 

ρ

Ὕ

‎ὋὝὈ

ρς
 [ 2.7 ] 

where ‎ is the proton´s gyromagnetic ratio, Ὃ is the magnetic gradient strength, Ὕ is the 

time between spin echoes in the CPMG sequence and Ὀ is the molecular diffusion 

coefficient. 

 

2.7.4 Relaxation due to all mechanisms 

All the relaxation rates act in parallel so that they add up (BLOEMBERGEN et al., 1948). 

Therefore, for transverse relaxation, we have: 

 

ρ

Ὕ

ρ

Ὕ

ρ

Ὕ

ρ

Ὕ
 [ 2.8 ] 
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where  is the surface contribution,  is the bulk contribution and  is the diffusion 

in field gradient contribution (KENYON, 1997). For longitudinal relaxation, we have: 

 

ρ

Ὕ

ρ

Ὕ

ρ

Ὕ
 [ 2.9 ] 

 

2.8 Random Walk Technique in NMR Simulations 

The random walk technique is commonly used to simulate various physical processes, 

including nuclear magnetic resonance response in porous media. The technique involves 

modeling the movement of random walkers (particles) within the porous medium to 

mimic the behavior of molecules in the system. In the context of NMR simulation, the 

random walkers represent the nuclear spins of atoms within the porous medium. These 

spins interact with the local magnetic field, precess around it, and produce a signal 

detectable in NMR. By simulating the random motion of these spins, researchers can 

study the diffusion and relaxation processes that contribute to the NMR response. 

A general overview of how the random walker technique can be applied to simulate NMR 

response in porous media: 

 

ǒ Define the Porous Medium: Starting by characterizing the porous medium of 

interest, including its geometry, pore size distribution, and other relevant parameters. This 

information is essential for setting up the simulation. 

ǒ Initialization: Randomly distributing the spins (random walkers) within the 

porous medium. Assign initial positions, orientations, and other properties to each spin. 

ǒ Random Walks: Simulate the movement of spins using random walk steps. At 

each step, a spin moves randomly within the porous medium according to certain rules. 

The rules may include considerations such as diffusion coefficients, gradient effects, and 

interactions with the pore walls. 

ǒ Magnetic Field Interaction: Calculate the interaction of each spin with the local 

magnetic field. This interaction affects the precession and relaxation of the spins, 
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influencing the evolution of their collective magnetization, which contributes to the NMR 

signal. 

ǒ Signal Calculation: The resulting NMR signal is calculated by considering the 

collective behavior of spins over time, based on their positions, orientations, and 

relaxation characteristics (such as Ὕ and Ὕ times), as well as interactions with the 

medium and magnetic field. 

ǒ Data Analysis: Analyzing the simulated NMR signal to extract useful information 

about the porous medium. This can include properties like pore size distribution, diffusion 

coefficients, and surface relaxivity. It's worth noting that the random walker technique 

can be implemented in various ways, and there are different algorithms and modifications 

available depending on the specific requirements of the simulation. 

 

3 Procedure and Methodology 

Random walks were first developed by Schwartz, et al (1995) to simulate NMR Ὕ 

experiments in carbonate rock samples featuring large macropores in the solid matrix 

composed of micropores where the hydrogen protons undergoing Ὕ relaxation could 

diffuse from the macropores into the microporosity rather than stay in the macropore if 

the matrix were solid.  These simulations used geometrical models where the walkers 

would start in the center of a macropore, and the walkers would proceed until they struck 

the pore wall at which time the walker would die as the assumption was that the walker 

would enter the microporous matrix and then decay at a fixed rate in the microporosity. 

These models were coded in Fortran and ran on mainframes but still had very long 

execution times due to the limited computing power available then. Since then, there have 

been two key developments, namely the significant increase in computing power now 

available on laptops and the increased use of CT-scans to analyze carbonate core samples. 

The goal of this MSc thesis was to develop a Python based random walk code that could 

use either CT-scan images or geometrical models to test various NMR Ὕ scenarios in 

both 2D and 3D. 
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3.1 2D Center Start in a Geometrical Macropore Model 

The first step was to write a Python code to do random walks in a 2D geometrical model 

where each random walker represents a hydrogen proton diffusing randomly in a 

macropore until it strikes the pore wall at which time the walk ends and the number of 

steps were recorded, and the procedure is repeated for 1,000 walkers and separately for 

10,000 walkers. The objective for this initial phase was to evaluate how many walkers 

should be used to get meaningful results without the need for excessively long execution 

times. To achieve this, the key considerations were the radius of the macropore, the length 

of each step, and the maximum number of steps allowed to ensure that each random 

walker, either starting from the center of the pore space or randomly in the pore space can 

reach the pore wall within the allotted number of allowable steps. As a general rule, the 

number of steps should be sufficient to obtain a decay of 2/3 of the bulk diffusion value 

of the saturating fluid modeled in the pore space.   

For the first iteration of the code the geometrical model was a 2D circle representing a 

macropore where the radius was 10 ɛm, and each step in the random walk went either left 

or right one ɛm in the x-direction and one ɛm up or down in the y direction. Each walk 

started in the center of the macropore where ὼ ώ π in the cartesian plane. After each 

step, the new position on the cartesian plane was compared with the 10-ɛm radius by 

taking the square root of the sum of the squared ὼ and ώ distances from the center to see 

if it had reached the 10-ɛm radius.  

If the walker had reached the pore wall, i.e. the distance from the center was equal to or 

greater than 10 ɛm, the walk was ended, the number of steps was recorded, and the next 

random walker started its walk from the center. The number of steps was limited to 2000 

and the number of walkers to 1,000. The procedure was then repeated for a radius of 30 

ɛm and, finally, 50 ɛm. 

These initial simulations indicated that reasonable results could be achieved with only 

1,000 walkers limited to 2000 steps for the 10- and 30-ɛm radius cases, but for the 50-

ɛm radius simulation, 17% of the walkers did not reach the pore wall within the 2000-

step limit. The execution times varied from less than one second for the 10-ɛm radius 

simulation to about 5 seconds for 50-ɛm radius simulation. 
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As these execution times were quite fast, it was decided to increase the number of walkers 

to 10,000 to see if that produced smoother histograms without excessively long computer 

execution times. As expected, the histograms were smoother, but the computer execution 

time increased by a factor of 10 which was to be expected as the number of walkers 

increased by a factor of 10. 

 

3.2 3D Center Start in a Geometrical Macropore Model 

The Python code was now operating well for the 2D model, and this could be useful for 

doing simulations based on thin section analysis where pore sizes could be measured 

directly, but with the increased availability of CT-Scan images in 3D, it was important to 

adapt the code for a 3D geometrical model. The code was thus modified such that the 

walker would move in the ὼ, ώ and ᾀ directions from a center start in a 3D sphere until 

the walker struck the pore wall. The 3D random walk was then performed using iterations 

of 1,000 and 10,000 walkers, limited to 2000 steps and for radii of 10, 30 and 50 ɛm. 

 

3.3 2D versus 3D Center Start in a Geometrical 

Macropore Model 

Comparing the results of the 2D random walk versus the 3D random walk highlighted 

how the walks become shortened due to the increased surface effect of the pore wall in 

3D compared to 2D. In 2D the average walker will take 50% longer time to reach the pore 

wall than the 3D case. This relationship is consistent with the change in surface-to-volume 

ratio from 2D (2/radius) to 3D (3/radius). The comparisons were made for both 1,000 

walkers and 10,000 walkers to see if there is any significant difference in the average 

number of steps for each case and to also examine the increase in computer execution 

time when increasing the number of walkers from 1,000 to 10,000 for both the 2D and 

3D simulations. 

 



16 

 

3.4 2D Random Start in a Geometrical Macropore 

Model 

One advantage of using a center start is that this ensures the walk will always begin within 

the macropore. In reality, the hydrogen protons in a macropore will be starting their 

random walk from random locations throughout the interior of the pore space. To examine 

how a random start will affect the results the code was modified such that each walker 

could start on a random ὼ and ώ location where the boundaries in each direction are 

defined by the pore radius, which were kept at 10, 30 and 50 ɛm like the center start 

simulations. So, the ὼ and ώ starting positions were selected at random, but then a test 

was made to ensure that the starting position fall within the macropore space. This was 

done by calculating the square root of the sum of the squares of the x and y vectors 

originating from the center. If that value exceeded the pore radius, then new random 

numbers were selected for the x and y starting positions and the test was repeated to see 

if this starting position falls within the macropore space. The motivation for this code 

adjustment was to make the simulations more realistic and to examine the relationship 

between pore radius and average number of steps to the pore wall from a random start 

compared to a center start. The 2D random start simulations were also done for a 

maximum of 2000 steps and for 1,000 walkers and 10,000 walkers, like the center start 

simulations. 

 

3.5 3D Random Start in Geometrical Macropore Model 

The 3D random start simulations were similar to the 2D simulations except now we had 

ὼ, ώ and ᾀ coordinates for the geometrical macropore space. The 3D simulations were 

also done for 1,000 walkers and then for 10,000 walkers. The goal was to assess the 

difference in the histograms of walker steps between a center start and a random start in 

3D. 
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3.6 Comparison of Center Start Versus Random Start in 

2D Geometrical Macropore Model 

The goal of this project was to develop random walk code for 2D and 3D binary images, 

which would require random starts to be used. As such it is worth examining the 

difference in results for a random start for a center start. Center starts were used on the 

geometrical models developed by Ramakrishnan et al. (1999) to reduce computer 

execution time, but they do not honor the significant influence of the concentric layers in 

the macropore that are near the pore wall. These concentric layers near the pore wall 

become more significant as the radius of the pore decreases. For a 10-ɛm radius pore with 

1-ɛm resolution, the 3 layers closest to the pore wall account for 51% of the total area or 

volume, so we could expect for a random start 51% of the walkers will start within the 3 

layers closest to the pore wall. For a 30-ɛm radius pore, the 3 layers closest to the pore 

wall will account for 19% of the total area, and for a 50-ɛm radius pore, the 3 layers 

closest to the pore wall will account for 11.6% of the total area. 

 

3.7 Comparison of Center Start Versus Random Start in 

3D Geometrical Macropore Model 

As in the 2D case analyzed in section 3.6, 3D binary images would require random starts 

to be used also. In the 3D case the influence of the concentric layers in the macropore that 

are near the pore wall have a greater impact than the 2D case and these concentric layers 

near the pore wall become more significant as the radius of the pore decreases. For a 10-

ɛm radius pore with 1 ɛm resolution, the 3 layers closest to the pore wall account for 66% 

of the total area or volume so we could expect for a random start 66% of the walkers will 

start within the 3 layers closest to the pore wall. For a 30-ɛm radius pore, the 3 layers 

closest to the pore wall will account for 27% of the total area and for the 50-ɛm radius 

pore the 3 layers closest to the pore wall will account for 17% of the total area. Section 

4.6 shows the significant difference in execution times between the random start and the 

center start for 3D models. 
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3.8 3D Micro and Macropore Start in Geometrical Cube 

Model 

After examining the differences between a random start versus a center start in the 

macropore, the next phase was to consider the effects of allowing random starts in both 

the macropore and the microporous matrix. To achieve this a geometrical cube model was 

constructed with a macropore of radius 10 ɛm in a cube of width 26 ɛm. This would yield 

the equivalent of 23% macro porosity. For this case, for a cube with edge ὡ (representing 

the rock core) that contains a sphere (representing the macropore) of radius Ὑ, the 

macroporosity defined as the ratio between the pore volume and the bulk volume (ROSA, 

2006), will be: 

τ
σ“Ὑ

ὡ
 

[ 3.1 ] 

Based on this formula: 

¶ for a sphere of radius 10 contained in a cube of width 26, the macroporosity will 

be 23.8% 

¶ for a sphere of radius 30 contained in a cube of width 78, the macroporosity will 

be 23.8% 

¶ for a sphere of radius 50 contained in a cube of width 130, the macroporosity will 

be 23.8% 

In the Cartesian 3D space, a sphere of radius 10, it will be centered in a cube going from 

-13 to +13 in the ὼ, ώ and ᾀ directions, for a sphere of radius 30 it will be centered in a 

cube going from -39 to +39 in the ὼ, ώ, ᾀ directions and for a sphere of radius 50 it will 

be centered in a cube going from -65 to +65 in the ὼ, ώ, ᾀ directions. 
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Figure 4 - Geometrical representation for the pore and matrix structure for 10-, 30- and 

50-ɛm radii 

The conditions for this new code phase were to allow random walkers to originate 

anywhere within those cubes. Inside or outside the sphere to the inner faces of the cube. 

If it starts in the sphere, then the random walk will percolate until it hits the wall. But if 

the walker starts outside the sphere, then it will take only 3 random steps. If, during the 3 

random steps it enters the sphere, it takes more random steps until it hits the wall of the 

sphere, and the total number of steps would be recorded. If it does not enter the sphere 

within 3 steps or if it hits the wall of the cube, then it will have a count of 3 steps and then 

move on to the next walker. 

As before, the simulations were performed for 1,000 random walkers and 10,000 random 

walkers. This time, the walkers born outside the sphere were considered in the total 

number, so more of them will start outside the sphere than inside the sphere since the 

microporosity (space between the sphere and the cube) occupies 76.2% of the synthetic 

rock core. 

The goal of this exercise was to examine the diffusive coupling between the random 

walkers in the microporosity region going through the macroporosity region in addition 

to the random walkers in the macroporosity region hitting the wall of the sphere. 

 

3.9 3D Binary Image with Macropore in Microporous 

Matrix: Macropore Start 

Until now, the geometries of the porous media have been reduced to just a circle or a 

sphere. An alternative method to evaluate the pore-level simulation using the random 
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walker method in more complex porous geometries would be discretizing the rock sample 

in binary images. This is precisely the case for partitioned images from micro-CT 

imaging. These images can be processed to allow more defined differentiation of pores 

against grains. This process is called image binarization, which basically converts the 

image into a binary format, where pores are denoted by 0 and grains by 1, or vice versa 

(TALABI , 2008). 

For the next step, therefore, a logic was implemented in the code to compare each step of 

the random walker against a 3D cube (ὼ,ώ,ᾀ) with binary indices with values of 1 

representing the rock matrix region or the micropores and 0 representing the 

macroporosity region. After each step, it is checked whether the ὼ,ώ,ᾀ position of the 

walker corresponds to 1 or 0 within the 3D cube. Consequently, it was expected that the 

code would run faster with this new approach when compared to the previous one. By 

using this new method, working with 3D binary core-tomography images would be 

possible. 

During the simulation phases, it was noticed that some distributions (histograms) were 

truncated at the highest Ὕ value for the 50 ‘ά circle/sphere, especially in the 2D version. 

Most probably, this was because the maximum number of steps was not high enough. So, 

it was increased from 2,000 steps to 3,000 steps. So, for the following 3D binary cube 

simulations, an additional comparison was made between the 2,000 steps and 3,000 steps. 

All the previous parameters were kept the same: varying radii (10, 30 and 50 ɛm) and 

1,000 vs 10,000 walkers. 

 

3.10 2D Binary Square ï Macropore Start 

It was interesting to notice that there was not much difference between using the reference 

cube/sphere to compare the indicii of the random walkers versus computing the radii to 

see if they are still in the macropore. Having the reference cube, though, would be an 

important step toward examining binary images from CT scans. Additionally, it was 

necessary to test the binarization approach of the macroporous and the microporous 

medium in the 2D dimension. Which would represent a 2D slice of a reservoir rock 
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sample. Geometrically, it is a square of width W representing the micropore space with a 

macropore with a circle format of radius Ὑ. Then, the macroporosity could be defined as: 

 

“Ὑ

ὡ
 [ 3.2 ] 

Based on the formula, to obtain a porosity of 23%, the radius of the circular macropore 

must be Ὑ ρπ ɛm and therefore the width of the square will be ὡ 37 ɛm; in the case 

of radius Ὑ 30, the width will be ὡ 100; and finally for Ὑ 50 it will be a ὡ 184 

square. 

That is, the micro-pores would be represented by the function ὛὗὟὃὙὉὭȟὮ=1 and 0 for 

the macro-pores region. This code phase served as a preliminary step in adapting the code 

to work with a thin section or one slice from a micro-CT image. 

3.11 2D Binary Square Macro or Micropore Start 

It was decided to keep the 3000 steps for the walkers born in the macroporosity, since 

Ὕ  of water is 2500 ms (2.5 s), using 3000 steps where each step is 1 άί should be 

more convenient. The next phase of code development was to allow the walkers to start 

in either the macropore or the microporosity. With the condition that if the walker starts 

in the microporosity, it can take up to 3 steps. If it steps into the macropore, then it can 

keep stepping until it hits the pore wall. The purpose of this phase was to compare the 

results of random start everywhere with the previous results of macropore start. 

The simulations were similar in most parameters as per the previous phases. The radii 

were kept varying from 10, 30, and 50 ɛm. The new macropore steps number was used: 

3000 per walker. Two sets of walkers' populations varied as well: 1,000 and 10,000. Both 

for the binary square and for the binary cube. One concern with this approach was that 

statistically, we could expect the majority of the walkers (77%) to start in the 

microporosity, and of that 77%, only a small percentage of them would fall within the 3-

step layer outside the pore radius such that they could enter the macropore within 3 steps. 

For the 10-ɛm radius pore within a 2D square of width 37, we could expect 16% of the 

walkers to start in the 3-ɛm annulus of microporosity outside the pore wall boundary. For 
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the 30-ɛm radius macropore, we could expect 11 % of the walkers to start in the 3-ɛm 

outer layer, and for the 50-ɛm radius macropore it would only be 3%.  

Considering the percentage of walkers that would start outside the 3-ɛm annulus, it would 

be 61% for the 10-ɛm radius pore, 66% for the 30-ɛm radius pore, and 74% for the 50-

ɛm radius pore. 

 

3.12 3D Binary Cube Macro or Micropore Start 

For the 3D analysis of the random walkers starting in either the macropore or the 

micropore, the 3D Binary Cube model was used. All the parameters were kept the same 

as in the 2D Binary Square model, i.e. 1,000 and 10,000 walkers with a limit of 3,000 

steps. Any walkers starting in the microporosity could take up to 3 steps, and if they 

remained in the microporosity, the walk would end, but if they entered the macropore, 

they would continue walking until they reached the pore wall. Also, as in the 2D case, 

statistically, we could expect most walkers, 77%, to start in the microporous matrix. The 

percentage that would be expected to start outside the 3-ɛm outer layer from the pore wall 

would be 48 % for the 10-ɛm radius sphere, 68% for the 30-ɛm radius sphere, and 72% 

for the 50-ɛm radius. The percentage that would be expected to start in the 3-ɛm inner 

layer from the pore wall would only be 4% for the 10-ɛm radius pore, 1.5% for the 30-

ɛm radius pore, and 0.96% for the 50-ɛm radius pore. 

 

3.13 2D Binary Square 70% Macro and 30% Micropore 

Start 

Allowing the random walkers to start in either the macro or micropores randomly will 

clearly skew the walkers to start in the microporous matrix, and the majority of them will 

start outside the 3-ɛm layer outside the macropore boundary. To mitigate this, it was 

necessary to understand more clearly how random walkers would carry out their walks 

within the microporosity region. For this, a differentiated approach was to limit the 

number of walkers that could be born in the micropores to a fraction of 30% of the total 

population, that is, 300 walkers when the simulation is 1,000 walkers and 3000 when 
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there are 10,000 walkers. The same previous conditions were applied and allowed the 

diffusion of each walker that started in the micropores and eventually entered the 

macropore. 

 

3.14 3D Binary Square 70% Macro and 30% Micropore 

Start 

As in the 2D case, to understand more clearly how random walkers would carry out their 

walks within the microporosity region, the 30% limit was applied to the number of 

walkers that could be born in the micropores, that is, 300 walkers when the simulation is 

1,000 walkers and 3000 when there are 10,000 walkers. The same previous conditions 

were applied, which allowed the diffusion of each walker, which started in the micropores 

and eventually entered the macropore. 

3.15 2D Berea Image 1 ɛm Pixel Size Solid Matrix with 

Start in Macropore 

The next step toward handling real CT scans was to use the code and its binary square 

and binary cube approach in a real 2D micro-CT slice from 3D image. A common 

sandstone used in the core analysis is the Berea sandstone. This sandstone is a host for oil 

and gas resources in the Midwestern region of the USA. The input for the code simulation 

was a BMP image with a resolution of 200x200 pixels at 1 ɛm/pixel. It was a black-and-

white image, where the black pixels represented the porous region, and the white ones 

were the solid grains. The simulation for this 2D slice was set for 1,000 and 10,000 

random walkers. Initially, the walkers only started inside the pores and not the grains; 

that is, the grains were solid and not microporous. If the random walker hit a grain or the 

edge of the square of the image then it would die, i.e., end the walk. 
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3.16 2D Berea Image 1 ɛm Pixel Size Microporous 

Matrix and Random Start 

For this simulation, we assume the rock matrix is microporous and the code could 

generate random walkers in the 2D slice starting from both the rock matrix and the 

macropores. The goal was to see if the walkers starting in the microporous matrix 

dominate the response, as we saw in both the geometrical model and the binary square 

model. If the walker starts in the microporous matrix, it is allowed to take 3 steps, and if 

it enters a macropore within those three steps, it can keep walking until it strikes the pore 

wall. As the microporosity is 19.4 %, we should expect to see the microporous starts 

account for about 80% of the walkers, which is the case as indicated in the results section 

(4.16) which implies the number of walkers allowed to start in the microporous matrix 

must be reduced by an amount consistent with the actual microporosity. 

3.17 3D Image from 2D Berea Image 1 ɛm Pixel Size: 

Macroporous Start 

At this point, it became clear that the code was generating the desired simulation on top 

of a 2D slice from a CT scan. As it is known, 3D images derived from high-resolution X-

ray computed tomography are only approximations of real porous media (JIN et al., 

2009). Therefore, it became necessary to upgrade the code to allow it to work with 3D 

dimensions to emulate a more realistic pore network structure. Using Python's "x-array" 

library, an initial test was deployed by replicating the 2D slice by a factor of 200 to create 

the 3D object. That is, it would be an elongated extension of the BMP image for it to 

resemble a cubic sample of the reservoir rock. Hence, the code was able to transform a 

Python 2D data frame object into a Python 3D data array containing a Python 3D dataset. 

Consequently, the random walkers' walking logic changed from orthogonal north, south, 

east, and west movements into orthogonal north, south, east, west, front, and back 

movements. The trajectories now could occur from a 2D slice or plane to a 3D cube or 

space inside the macroporosity space. 
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Figure 5 - 2D slice image for Berea sample and the workflow performed by the code 

 

 

3.18 3D Image from 2D Berea Image 1 ɛm Pixel Size: 

Anywhere Start 

The next simulation for the pseudo-3D image generated from one slice of the Berea 

sandstone CT scan was to model the matrix as microporosity and allow the walkers to 

start randomly in either the macropores or the microporous matrix. Statistically, this 

means that we can expect about 80% of the walkers to start in the microporous matrix. 

 

3.19 Full 3D Berea Image 1 ɛm Pixel Size with Solid and 

Microporous Matrix 

With the code being able to perform simulations of several random walkers that could 

traverse a porous network originating from a series of binarized 2D slices, it was 

necessary to perform the simulations using real slices of a CT image. By processing the 

200 slices of a real Berea sandstone sample with a resolution of 1 ɛm per pixel size, a 

more realistic pore network model could be simulated, in this case, for a 100% single-
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phase water-saturated medium. Doing that was a great achievement since the micro-CT 

scanning is a non-destructive technique that provides a three-dimensional image of the 

pore space at a resolution of several ɛm (DONG, 2007). Hence, the random walk code 

could better resemble what happens during a typical NMR test. The code, therefore, 

compiled those images and organized them to create a 3D binarized cube to distinguish 

between the grain matrix and the macropore space. 

 

 

Figure 6 - BMP bicolor images treated by the Python Code 
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Figure 7 - 3D Berea Image Maximum Sphere Processing with threshold of 90 using 

PORE* software (ESSS). 

4 Results and Discussion 

4.1 2D Center Start for 1,000 & 10,000 Walkers in a 

Geometrical Macropore Model 

Table 1 and figures 8 and 9 below show the results for a 2D centered start for 1,000 

random walkers allowed to take up to 2000 steps in macropores of radii 10, 30 and 50 ɛm 

where the walk ends when the walker strikes the pore wall. Table 1 lists the maximum 

steps allowed, the number of walkers, the average number of steps to reach the pore wall, 

and the computer execution time for the 10-ɛm, 30-ɛm, and 50-ɛm radii simulations. The 

main observations of this simulation were that the average number of steps increases as 

expected with the radius squared and for the 50-ɛm radius case 170 of the 1,000 walkers 

did not reach the pore wall.  

Table 1 - 2D Center Start Random Walk for 1,000 walkers 
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Figure 8 - Average number of steps (red curve ï left axis) and computer execution time 

(blue curve - right axis) for 1,000 (upper image) and 10,000 (lower image) random 

walkers to strike the pore wall from a center start in a macropore of radius 10, 30 and 50 

ɛm. The walkers were limited to 2000 steps. The number of steps to reach the pore wall 

and execution times increase linearly with the radius squared. 
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Figure 9 - Histograms of number of steps for random walkers to strike pore wall from a 

center start in macropore of 10-, 30- and 50-ɛm radius. The number of steps was limited 

to 2000. 

 

 

 

The results so far indicate the random walkers are behaving as expected as the average 

number of steps varies with radius squared and that for the 50-ɛm radius macropore about 

17 % of the walkers did not strike the pore wall within the 2000 step limit. This highlights 
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the requirement for sufficient acquisition time when doing either lab NMR experiments 

or acquiring NMR log data. Another observation is that the histograms appear blocky for 

the 1,000-walker simulation. As the computer execution time was less than 5 seconds for 

the 1,000-walker simulation, it was decided to increase the number of random walkers to 

10,000 to see how this affects the histograms. Increasing the number of random walkers 

would be the equivalent of stacking additional acquisition cycles in a Lab NMR Ὕ 

experiment to achieve higher signal-to-noise and more accurate Ὕ distributions. The 

histograms are smoother for the 10,000 walkersô simulation, but otherwise, when 

comparing the results to the 1,000-walker simulation, the average number of steps to the 

pore wall and the percentage of walkers not reaching the pore wall for the 50-ɛm radius 

simulation are quite similar. The execution time for the 10,000-walker simulation is 10 

times longer than the 1,000-walker simulation, but since one of the goals of this project 

is to design code that will run rapidly on a standard laptop, all the simulation scenarios 

will be evaluated for both 1,000 and 10,000-walkers. 

 

4.2 3D Center Start for 1,000 & 10,000 Walkers in a 

Geometrical Macropore Model 

With the Python code performing well for a 2D random walk, the next step was to modify 

the code to perform a 3D random walk. Table 2 and figures 10 and 11 show the results 

for a 3D center start for 1,000 and 10,000 walkers. The main contrast with the 2D center-

start simulation is that the average number of steps is one-third less for the 3D simulation 

and the number of walkers that do not reach the pore wall for the 50-ɛm radius simulation 

is only 4 % compared to 17 % for the 2D simulation. 
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Table 2 - Results for 3D Centered Start for 1,000 Walkers starting from center 

 

 

 

Figure 10 - Average number of steps to reach the pore wall (red curve ï left axis) and 

computer execution time in seconds (blue curve - right axis) for a center start random 

walk in a 3D Geometrical Macropore Model. The upper side of the figure is for 1,000 

walkers and the lower side is for 10,000 walkers. 
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Figure 11 - Histogram of steps to the pore wall for a center start 3D Random Walk for 

10-, 30- and 50-ɛm radius. The top half is for 1,000 walkers and lower half for 10,000 

walkers. 
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4.3 2D vs 3D Comparison for Center Start for 

Geometrical Pore Model 

Figure 12 below compares a 2D versus 3D random walk simulation for radii of 10, 30 

and 50 ɛm for 1,000 and 10,000 walkers starting from the center. The key observations 

were that the average number of steps is 50% greater for the 2D simulation than the 3D 

simulation. The computer execution time is similar, though, as the reduced number of 

steps in the 3D case is offset by the need for an extra random number calculation in the z 

direction. 

 

 

 

 

 

 

 

 

 

 

Figure 12 - Comparison of center start for 2D vs 3D Random Walks in a Geometrical 

Pore Model. 

The reason for the greater number of steps required for the 2D case is that the surface-to-

volume ratio (3/R) for a sphere of radius R is 50% greater than the perimeter-to-area ratio 

(2/R) for a circle of radius R. This relationship must always be considered when 

comparing 2D random walks with 3D random walks. It can also be viewed in terms of 

probability where a walker moving in 3D has 4 out of 6 chances to move randomly toward 

the pore wall for any step except for when it is the exact center, whereas in 2D, the 

probability of moving toward the pore wall for any step is only 2 out of 4, except when it 

is in the exact center. 
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4.4 2D Random Start for 1,000 walkers and 10,000 

walkers in a Geometrical Macropore Model 

The next step in the algorithm development was to evaluate the difference between using 

a center start and a random start in a geometrical pore model. The main observations were 

that the random start resulted in lower average steps to the pore wall compared to the 

center start, and the execution time was about half as much as the center start. Another 

important observation was that for the 10-ɛm radius pore model, the influence of the pore 

wall is much more significant for a random start versus a center start. This is because, for 

a 10-ɛm radius pore discretized to 1-ɛm resolution, the three concentric layers closest to 

the pore wall represent 64% of the pore area, while for a 30-ɛm radius pore, the last 3 

layers are only 25% and only 15% for the 50-ɛm radius pore. This effect can clearly be 

seen in the histograms in Figure 14. 

Table 3 - 2-D Random start for 1,000 walkers in 10-, 30- and 50-ɛm radius pore 

 

 

Figure 13 - Average steps to pore wall and execution time for 2D random start for 1,000 

walkers. 
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Figure 14 - Histograms of Random Walkers number of steps to pore wall for a random 

start in a 10-, 30- and 50-ɛm radius 2D Geometrical Macropore model. 

In Figure 14, the effect of the proximity of the pore boundary on the random walkers is 

significant for the 10-ɛm radius simulation compared to the center start simulation, as 

seen in Figure 11. The number of walkers reaching the 2000 step limit is also reduced to 

about 7 % for the random start compared to the center start simulation.  
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4.5 3D Random Start for 1,000 & 10,000 Walkers in a 

Geometrical Macropore Model 

Similar to the 2D random start, the average number of steps of the 3D random start was 

less than the 3D center start, and the effect of the 3-ɛm layer next to the pore wall was 

even more significant than the 2D case. For the 10-ɛm radius sphere, the last 3 layers next 

to the pore wall represent 66% of the total volume, and for the 30- and 50-ɛm radius 

models, the last layer 3 layers represent 25% and 15%, respectively. 

Table 4 - 3D Random start for 10,000 walkers 

 

 

Figure 15 - Average steps to pore wall and execution time for 3D random start for 1,000 

walkers 
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Figure 16 - Histograms of 1,000 (top) and 10,000 (lower) walkers for 3D random start 

for 10, 30, and 50-ɛm radii macropore. 

Figure 16 above shows the greater effect of the random start on the 10-ɛm radius 

simulation where the number of walkers reaching the pore boundary within 3 steps is 

approximately 36 %. Also, note that the number of walkers that reach the 2000 step limit 

before reaching the pore wall is less than 2%, while for the center start simulations, it was 

about 4%.  
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4.6 Comparison of Center Start vs Random Start in 2D 

Geometrical Macropore Model 

Figure 17 below compares the average steps to the pore wall for the center start and 

random start 2D simulations. The random start simulations require approximately half as 

many average steps as the center start simulations. This not only reduces the execution 

time, but it is also a more realistic result than a center start since during an NMR Ὕ 

experiment, the hydrogen protons are polarized in the entire pore space, not just in the 

center. This is also more suited to the final goal of using random walk simulations on 

Micro CT images where the pores can be expected to be, in many cases, non-spherical 

with no clearly defined central point. 

 

Figure 17 - Average steps to pore wall for center start versus random start for 1,000 

walkers for 2D macropore with 10-, 30- and 50-ɛm radii. 

 

4.7 Comparison of Center Start vs Random Start in 3D 

Geometrical Macropore Model 

Figure 18 below compares the average steps to the pore wall for the center start and 

random start 3D simulations. As in the 2D case, the random start simulations require 

approximately half as many average steps as the center start simulations. This not only 
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reduces the execution time, as shown in Figure 18, but like the 2D scenario, it is a more 

realistic result than a center-start and is more suited to the final goal of using random walk 

simulations on 3D Micro CT images where it would be impractical to attempt to find the 

center of any non-Euclidean pore shapes.  

 

Figure 18 - Average steps to pore wall for center start versus random start for 1,000 

walkers for 3D macropore with 10-, 30- and 50-ɛm radii. 

 

4.8 3D Micro and Macropore Start in Geometrical Cube 

Model 

After examining the differences between a center start and a random start in the 

macropores the next task was to examine what happens if the walkers can start in either 

a macropore or in the pores within the continuous matrix. As it is expected that a walker 

starting and remaining in the micropores will decay rapidly, the walkers starting in the 

micropores were allowed only to take three steps. If the walker entered the macropore 

within those three steps, it would keep taking more steps until it re-entered the 

microporosity, at which time the walk would end. The walkers that started in the 

macropore would walk until they contacted the pore wall, at which time the walk would 

end. 
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Table 5 - Average number of steps to pore wall for random walkers starting in either 

macropore or microporous matrix in a 3D Geometrical Cube Model 
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Figure 19 - Histogram of 10,000 random walkers for 3D macropore with radii of 10, 30 

and 50 ɛm surrounded by microporous matrix. Walkers can start randomly in the 

macropore or the microporous matrix 

The main observation from this geometrical model of a macropore within a cube of 

microporous matrix is that the random walkers originating in the microporosity will 

dominate the histogram, as seen in Figure 19 above, where the modes at 2 and 3 steps 

show much greater amplitude than any other modes. This implies that for a simple 

geometrical model with a microporous matrix, some degree of scaling would be needed 

which is consistent with the actual amount of microporosity. Typically, a microporous 

matrix would have porosity varying from 10% to 30% which implies that the modes in 

the histogram for 2 and 3 steps should be attenuated by 90% to 70%. This is accomplished 

in the lower half of Figure 19 graphically by scaling the number of walkers on the vertical 

axis to be 10 times more sensitive to the total number of walkers when compared to the 

upper half of the figure. 
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4.9 3D Binary Image with Macropore in Microporous 

Matrix: Macropore Start 

So far, the random walks have been performed on geometrical models where the location 

of the random walker is referenced to the center of the sphere to determine if the walker 

has reached the macropore wall or is in the microporosity surrounding the macropore. As 

the eventual goal of this project is to perform random walk simulations on binarized CT 

scans the next step was to create a binary 3D image that is indexed in the x, y, and z 

directions such that 1 represents the matrix or the microporous region and 0 represents 

the microporosity. The walkers start randomly in the macropore, and the simulations were 

performed for both a 2000-step limit and a 3000-step limit, as was observed for the 

geometrical models with a 50-ɛm radius macropore. The simulations indicated a 

significant percentage of the walkers did not reach the pore wall with the 2000 step limit.  

Table 6 - Results for random walk simulations for a 10 ɛm radius 3D macropore 

centered in a binary cube where each voxel is indexed in the x,y and z directions. The 

walkers start randomly in the macropore. The iterations are for 2000 steps maximum 

and 3000 steps maximum, and for 1,000 walkers and 10,000 walkers 
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Table 6 on the previous page and Figures 20 and 21 below, when compared to Table 4 

and figure 16, shown previously that the results are similar for the random walks when 

done on a geometrical model or as a binary image. It also shows similar results for average 

steps for the 2000-step limit when compared to the 3000-step limit for the 10- and 30-ɛm 

radius simulations. For the 50-ɛm simulation, the 3000-step limit allows all the walkers 

to reach the pore wall. This is similar to increasing the number of echoes in a Lab NMR 

experiment or while acquiring Ὕ logging data to ensure that the Ὕ measurement is not 

truncated for large pore sizes. 

 

Figure 20 - Histograms of 1,000 random walkers starting randomly in a 10- ɛm radius 

3D sphere in a 3D binary cube. The maximum number of steps is limited to 2000 for the 

left column and 3000 steps for the right column. Top row has 1,000 random walkers and 

bottom row has 10,000 walkers. 
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Figure 21 - Histograms of 10,000 random walkers starting randomly in a 10-ɛm radius 

3D sphere in a 3D binary cube. The maximum number of steps is limited to 2000 for the 

left column and 3000 steps for the right column. The results are like simulations for 

1,000 walkers but smoother. 

 

4.10 2D Binary Square - Macropore Start 

To prepare the code for analyzing 2D binary images rendered from microscopic thin 

sections, the next step was to write the code to do the random walk on a 2D macropore 

placed in a binary square where the micropore pixels have a value of 1 and macropore 

pixels have a value of 0. The random walkers would start from a random location within 

the restricted macropore with iterations for radii of 10, 30, and 50 ɛm. In figures 22 and 

23 the results are quite similar for the 2D geometrical model compared to the binary 

square model. For the 10- and 30-ɛm radius simulations, the walkers limited to 2000 steps 

had similar results as the simulation for a 3000-step limit. In addition, as in the previous 

cases, simulating 10,000 walkers results in smoother histograms than 1,000 walkers.  

Table 7 - Results for random walk simulations for a 10-ɛm radius 2D macropore 

centered in a binary square where each pixel is indexed in the x and y directions. The 
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walkers start randomly in the macropore. The iterations are for 2000 steps maximum 

and 3000 steps maximum, and for 1,000 walkers and 10,000 walkers 
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Figure 22 - Results for 1,000 walkers in a 2D Binary Square starting randomly in the 

macropore. Left-hand side of the figures is for a 2000-step limit, and the right-hand side 

is for a 3000-step limit. 

The main observation from the 2D Binary Square random start simulations is that the 

pore boundary has a greater effect on the 10 and 30-ɛm radius simulations, while for the 

50- ɛm radius simulation 7% of the walkers reach the 2000 step limit and 2.7% of the 

walkers reach the 3000-step limit before striking the pore wall.  
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Figure 23 - Histograms for 10,000 Walkers in a 2D Binary Square with a macropore of 

10, 30 and 50-ɛm radius. 

As in the geometrical model, the binary indexed model with a random start yields similar 

results. Limiting the walkers to 2000 steps results in 65 out of 1,000 or 750 out of 10,000 

walkers reaching the limit before colliding with the pore wall. Even limiting the steps to 

3000 steps leaves 32 out of 1,000 or 280 out of 10,000 walkers reaching the limit. For the 

10-ɛm radius pore, approximately 10% of the walkers reach the pore wall in one step. 

Based on these results, it appears that using 3000 steps is worth the extra execution time, 

which is only on the order of about 10% (tables 6 and 7). If we consider the Ὕ bulk of 

water is 2500 ms and in our model we assume that each step is 1 ms, then 3000 steps is a 

reasonable value. 
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4.11 2D Binary Square - Macro or Micropore Start 

Now that the binary indexed models were proven to yield results similar to the 

geometrical models for 2D and 3D simulations for walkers starting in the macropore, the 

next step was to simulate walkers starting in either the microporous matrix or the 

macropore. The simulations were done for 1,000 walkers and 10,000 walkers as done 

previously but now the walkers were allowed to take up to 3000 steps as the previous 

results indicated 3000 steps yield better results for the 50-ɛm radius pore and the 

execution times were not significantly longer. For walkers starting in the microporous 

matrix, they were allowed to take 3 steps and if they entered the macropore within the 3 

step limit they would continue walking randomly but if they remained in the microporous 

matrix the walk ended at 3 steps. The main observation is that as expected, the walkers 

starting in the microporous matrix dominate the histogram . 

Table 8 - Comparison of results for random walk simulations for a 10, 30 and 50-ɛm 

radius 2D macropore centered in a binary square where each pixel is indexed in the x 

and y directions. The walkers either start randomly in the macropore or in the 

macropore or micropores (everywhere). The iterations are for 3000 steps maximum, and 

for 1,000 walkers and 10,000 walkers 
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Figure 24 - Comparison of macropore start and anywhere start for 10, 30 and 50-ɛm 

radius 2D pore in a binary square. Column on the left is for macropore start and column 

on the right is for everywhere start. The walkers starting in the microporosity dominate 

the histograms in the right-hand column. 

 

4.12 3D Binary Cube - Macro or Micropore Start 

For the 3D binary cube model, allowing the random walkers to start in either the 

macropore or the microporosity again skews the results towards the walkers starting in 

the microporosity because statistically the microporosity is occurring in 78 % of the 

voxels. Figure 25 on the following page clearly shows this effect and it is virtually the 

same as seen in the 2D case where the walkers are allowed to start in either the macropore 

or the micropores. 

Table 9 - Comparison of results for random walk simulations for a 10-, 30- and 50-ɛm 

radius macropore centered in a binary cube where each pixel is indexed in the x, y and z 

directions. The walkers either start randomly in the macropore or ñeverywhereò and are 

limited to 3000 steps. The simulations are done for 1,000 walkers and 10,000 walkers 
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Figure 25 - Comparison of Macropore start and anywhere start for 10, 30 and 50-ɛm 

radius 3D pore in a binary cube. Column on the left is for macropore start and column 
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on the right is for everywhere start. The walkers starting in the microporosity dominate 

the histograms in the right-hand column. 

 

4.13 2D Binary Square ï 70% Macro or 30% Micropore 

Start 

To moderate the effect of most of the walkers that start in the microporosity the number 

of walkers allowed to start in the microporosity was limited to 30% of the total number 

of walkers. Microporosity of 30% would imply good connectivity among the micropores 

which would result in unrestricted diffusion between the micropores and the macropore 

and vice-versa. (RAMAKRISHNAN, et al., 1999). 

Table 10 - Results for 10, 30 and 50-ɛm radius macropore in 2D binary square for 

anywhere start where microporous starts are limited to 30% of the total walkers for 

1,000 and 10,000 walkers per simulation 

 

Radius(um)/Width(um) 10/37 10/37 30/110 30/110 50/184 50/184
Max Macro Pore Steps 3000 3000 3000 3000 3000 3000
Max Micro Pore Steps 3 3 3 3 3 3
No. Walkers 1000 10000 1000 10000 1000 10000
Ave Steps 22.242 22.348 176.069 167.843 463.465 449.926
Exec Time (sec) 0.214 2 1.901 18.367 4.922 42.283

2D Binary Square: 30% start in Micropores - 70% start in Macro Pores
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Figure 26 - 2D Binary square with 10, 30 and 50-ɛm radius macropore in 2D binary 

square with 30% start in micropores and 70% start in macropores. The figure on left is 

for 1,000 walkers and on right for 10,000 walkers. 
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4.14 3D Binary Cube ï 70% Macro or 30% Micropore 

Start 

Table 11 - Results for 10, 30 and 50-ɛm macropore in 3D binary cube for anywhere 

start where microporous starts are limited to 30% of the total walkers for 1,000 and 

10,000 walkers per simulation 

 

 

Figure 27 - Histograms of results of simulation of 10-, 30- and 50-ɛm macropore in 3D 

binary cube for anywhere start where microporous starts are limited to 30% of the total 

walkers. Left histogram is for1,000 walkers and the right histogram is of 10,000 walkers 

per simulation 

Allowing only 30% of the walkers to start in the microporosity still indicates the dominant 

mode occurs at 3 steps as the algorithm limits the number of steps to 3 unless the walker 

Radius(um)/Width(um) 10/26 10/26 30/78 30/78 50/130 50/130
Max Macro Pore Steps 3000 3000 3000 3000 3000 3000
Max Micro Pore Steps 3 3 3 3 3 3
No. Walkers 1000 10000 1000 10000 1000 10000
Ave Steps 13.832 12.969 84.859 92.361 237.245 250.107
Exec Time (sec) 0.866 3.567 1.283 12.195 2.886 28.947

3D Binary Cube: 30% start in Micropores - 70% start in Macro Pores
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that starts in the microporosity reaches the macropore. Statistically, this can be explained 

as the percentage of microporosity beyond the 3-layer annulus outside the macropore 

boundary is 61% for the 10-ɛm radius pore, 72% for the 30-ɛm radius pore, and 76% for 

the 50-ɛm radius pore. Taking 30% of these amounts is consistent with the peaks shown 

in Figure 27 where we see the mode at 3 ɛm slightly increasing as the macropore size 

increases from 10 to 30 and finally 50 ɛm.  

  

4.15 2D Berea Image 1 ɛm Pixel Size with Solid Grains 

The next step toward handling real CT scans was to use the code and its binary square 

and binary cube approach in a real 2D micro-CT slice from a 3D image of Berea 

sandstone, provided by the Imperial College of London (BLUNT, 2004). The input for 

the code simulation was a BMP image with a resolution of 200x200 pixels. It was a black-

and-white image, where the black pixels represented the porous regions, and the white 

ones were the solid grains. The default image resolution was 1 ɛm per pixel. The 

simulation applied for this 2D slice was set for 1,000 and 10,000 random walkers. 

Initially, the walkers would only start inside the pores and not the grains, that is, the grains 

were solid and not microporous. If the random walker hit a grain or the edge of the square 

of the image, then it would die, i.e., end the walk. 

Table 12 - 2D Berea Micro CT Image with 1 ɛm/pixel resolution. 1,000 Random 

walkers starting in macropores, assuming solid grains with no microporosity 
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Figure 28 - 2D Micro CT image of Berea Sandstone with 1 ɛm resolution. Binary Image 

is on the left with the porous region shaded black and the matrix in white. The central 

panel shows the regions where the random walkers are performing their walks with red 

showing the pore boundary where their walks are terminating. The right-hand panel 

shows the histograms of the times for the walkers to reach the pore boundary. The top 

figures are for 1,000 walkers and the lower figures are for 10,000 walkers. 

Examining Figure 28 in detail again shows that 10,000 walkers have a smoother 

histogram than 1,000 walkers, but the general shape of the histograms is similar. It should 

be noted that the dominant mode is only 1 step which implies that in these irregular shaped 

pores in 2D many of the walkers are starting their walk within one step of the pore wall. 

 

4.16 2D Berea Image 1 ɛm Pixel Size with Microporous 

Grains 

Table 13 - Random Walk results for 2D binary image of Berea Sandstone. Walkers 

allowed to start in Macropores or micro porous matrix 
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Figure 29 - 2D Micro CT image of Berea Sandstone with 1 ɛm resolution. Binary Image 

is on the left with the porous region shaded black and the matrix in white. The central 

panel shows the regions where the random walkers are performing their walks with red 

showing the pore boundary where their walks are terminating. The right-hand panel 

shows the histograms of the times for the walkers to reach the pore boundary. The top 

figures are for 1,000 walkers and the lower figures are for 10,000 walkers. Simulation 

made with microporous matrix and walkers starting everywhere. 

Figure 29 above clearly shows that when allowing the walkers to start in either the 

macropores or the microporous matrix, the walkers starting in the microporous matrix are 

far greater in number as the macropores only represent 19% of the image. This highlights 

the need to reduce the number of walkers allowed to start in the microporous matrix. 
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4.17 3D Image From 2D Berea Image 1 ɛm Pixel Size: 

Macroporous Start 

 

Figure 30 - Pseudo 3D image of Berea sandstone rendered from one 2D slice. The top 

simulation is for 1,000 walkers starting in the macropores. Bottom simulation is for 

10,000 walkers starting in the macropores. 

In the pseudo 3D image shown above, the results are similar to those of the single-slice 

2D simulation shown in Figure 29, with the 10,000-step simulation resulting in a 

smoother histogram than the 1,000-step simulation. 
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4.18 3D Image From 2D Berea Image 1 ɛm Pixel Size: 

Anywhere Start 

 

Figure 31 - Pseudo 3D image of Berea sandstone rendered from one 2D slice. Top 

simulation is for 1,000 walkers starting in either macropores or microporous matrix. 

Bottom simulation is for 10,000 walkers starting in either the macropores or the 

microporous matrix 

 

4.19 Full 3D Berea Image at 1 ɛm/Pixel with 

Microporous Matrix and Macropores 

 



60 

 

 

Figure 32 - A full 3D image of Berea Sandstone rendered from 200 slices of 200x200 

pixels with 1 ɛm/pixel resolution. The histograms are for 1,000 walkers (top right) and 

10,000 walkers (lower right). 

The code is now capable of reading in a stack of binary BMP files rendered from a Micro-

CT image so that a fully 3D random walk simulation can be done. The results shown in 

Figure 32 above are for a random walk where it is assumed the matrix is microporous, 

and the walkers can start in the microporous matrix or in the macropores. As in the 

previous simulations where the walkers could start in either the microporous matrix or 

the macropores the walkers starting in the microporosity dominate the response because 

approximately 80% of the voxels represent the matrix and only 20% represent the 

macropores.  
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4.20 3D Berea Image at 1 ɛm/Pixel with Macropores and 

Solid Grains at 50, 100 and 200 Voxel Cube Sizes 

 

Figure 33 - Histograms for 1,000 Random Walkers in 3D Berea Cube of 50x50x50, 

100x100x100 and 200x200x200 voxels at 1 ɛm/voxel resolution. 

The next step in the code was to enable it to perform the simulations on selected sub-

cubes within the 200x200x200 matrix rendered from the binary CT Image slices. Figure 

33 above shows the results for 1,000 walkers starting in the macropores of a sub-cube of 

50x50x50 voxels, a sub-cube of 100x100x100 voxels and the 200x200x200 voxel cube 

rendered from the 200 binarized Micro-CT slices. The results are quite similar, as should 

be expected for Berea sandstone, which is homogeneous.  
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Figure 34 - Histograms for 10,000 Random Walkers in 3D Berea Cube of 50x50x50, 

100x100x100 and 200x200x200 voxels at 1 ɛm/voxel resolution. 

Figure 34 above shows the results for 10,000 walkers starting in the macropores of a sub-

cube of 50x50x50 voxels, a sub-cube of 100x100x100 voxels and the 200x200x200 voxel 

cube rendered from the 200 binarized Micro-CT slices. The results are still quite similar 

to those of the 1,000 walkersô simulations shown in Figure 33. The execution time is now 

almost 10 minutes, though, for the 200x200x200 cube compared to 32 seconds for the 

1,000 walker simulation on the 200x200x200 cube. Going forward the execution time 

will become more of a factor as we expect to use larger image sizes and more walkers. 

 

4.21 Indiana Limestone MicroCT Image 6 ɛm Resolution 

Indiana Limestone is widely regarded as a benchmark material in industrial and research 

applications. Despite its classification as a carbonate, it exhibits a level of homogeneity 

that makes it suitable for experimental purposes. This unique combination of carbonate 

heterogeneity and relative uniformity allows a single sample of Indiana Limestone to 

represent broader experimental conditions, streamlining research processes and ensuring 

consistency across studies. 
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The final step was to test the code on a high resolution MicroCT image taken from an 

Indiana Limestone mini-plug of 0.25 inch diameter (HOERLLE et al., 2018). The small 

diameter of the sample allowed for a high resolution MicroCT image of 6 ɛm per voxel. 

A 600x600x600 cube in BMP format was selected from the MicroCT image and 

processed using PORE software with a threshold of 90 to identify the macropores which 

yielded a porosity of 10.3% which is reasonable for the macro porosity of an Indiana 

Limestone sample. The results of this processing appear in table 13 and figure 35 shows 

the macropores derived from maximum sphere processing and figure 36 shows the pore 

size distribution of the macropores. Output binary files for all 600 slices were saved in 

the BMP format where 1 represents a macropore and 0 represents matrix. The maximum 

sphere processing was then repeated with a threshold of 100 to identify the macropores 

and the largest micropores which yielded a porosity of 14.25%. These results were also 

saved in binary BMP format. The output files with a threshold for 90 were added to the 

output files with a threshold of 100 using ImageJ software to yield a ternary file which 

was saved in BMP format using the Glasbey Look Up Table where 2 represents a 

macropore, 1 represents a micropore and 0 represents the matrix. In the Glasbey Look-

Up Table adjacent color bins are chosen to be as distinct from one another as possible. In 

figure 37 below the macropores are red shading, the micropores are blue, and the solid 

matrix is white. 

Table 14 ï PORE Processing parameters 
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Figure 35 ï Maximum Sphere representation of 600-ɛm cube of Indiana Limestone 

 

Figure 36 ï Pore Size Distribution of macropores from Maximum Sphere Processing 

Table 15 ï Decay curve parameters 
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Figure 37 ï Glasbey Look Up Table coloring of Ternary Image from slice of 

600x600x600 cube of 6-ɛm resolution Indiana Limestone 

 

The 600 slices of ternary BMP files were then read into the Random Walk Python 

software and processed for 1,000 walkers each taking 800 steps. At 6 ɛm per voxel, that 

represents a time step of 7.2 ms and for each step the voxel value and i,j,k coordinates 

were recorded where a voxel value of 2 means the walker is in a macropore, 1 means the 

walker is in a micropore and 0 means the walker is striking the grain boundary. The 

walkers are allowed to start in either macropores or micropores and are allowed to walk 

from a macropore into a micropore and vice-versa. When striking a grain boundary, the 

walker rebounds to the previous position. The steps for each walker are then output in a 

csv file where there are 1,000 columns of 800 entries of 1,2 and/or 0. The columns for 

each walker were then converted to a decay curve using equation 2.5 and a mathematical 

inversion process with the values shown in table 15. The average decay for all the walkers 

is shown in figure 38 and is compared to the Lab NMR decay curve from a similar sample 

of Indiana Limestone. The decay curves were then inverted in Ὕ distributions and are 

shown in figure 39. 
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Figure 38 ï Decay curve from Random Walk simulation 600x600x600 Indiana 

Limestone MicroCT image compared with Lab NMR decay curve from similar Indiana 

Limestone sample 

 

 

Figure 39 ï Ὕ Distribution from Random Walk simulation 600x600x600 Indiana 

Limestone MicroCT image compared with Lab NMR Ὕ from similar Indiana 

Limestone sample 

The decay curves and Ὕ distributions from the random walk processing and the Lab 

NMR on a similar Indiana Limestone sample are in close agreement so the next task was 

to the random walk simulation for the case where there is no diffusive coupling between 
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the macro and micropores. These results are shown in figure 40 and clearly show greater 

separation between the micropores (left hand mode) and the macropores (right hand 

mode). 

 
 

Figure 40 ï Comparison of Ὕ Distributions for Diffusive Coupling (blue) and 

Uncoupled (red) Random Walk. 

As the uncoupled Ὕ distribution should be more representative of the true pore size 

distribution the next step was to try to obtain a pore size distribution of typical Indiana 

Limestone micropores. To achieve this an SEM image from University of Toronto shown 

in Figure 41, was analyzed in Image J software using the watershed algorithm and the 

results are shown in Figure 42. A pore size distribution of the micropores occurring within 

the grain is shown in Figure 43 and this was merged with the pore size distribution from 

the maximum sphere processing to present a full pore size distribution for Indiana 

Limestone. The Ὕ distribution for the uncoupled random walk was then converted into a 

pore size distribution using a surface relaxivity parameter of 10 ɛm per second using 

equation 2.6 and is shown in figure 44. Finally, an MICP pore throat size distribution is 

from a similar Indiana Limestone sample is shown in figure 46. Comparing this with the 

converted pore size distribution indicates a Pore Body to Pore Throat ratio of 3 which is 

typical for Indiana Limestone (Personal Communication, T.S. Ramakrishnan). 
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Figure 41 ï Indiana Limestone SEM image (Marina Freire-Gormaly 2013, U. Toronto 

Thesis) 

 

Figure 42 ï Image J Processing of Indiana Limestone SEM using Watershed Algorithm 










